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1 A Motivating Example for Studying Stochastic PDEs

1.1 Fluids: an example of what a stochastic PDE looks like

Here is an analogy. When you see a line of ants, you may think that the line is relatively
straight, so you write down an equation that describes the motion. If you increase the
precision of your model, you may see that the ants actually move with some random
fluctuations, so you add some randomness to your model. The more precision you require,
the more you realize that the ants are not moving in a straight line at all and are instead
constantly bumping into each other, exchanging information. This is how stochastic PDEs
are.

Imagine that we have a fluid for which the velocity of fluid particles are known, say
u(x,t). As a simple model for the fluid particle, we write

dx

dt
This is an ODE which, as a first approximation, gives us a good idea of a model for what
is happening. To take into account the thermal fluctuation of the fluid, we may write

dr _
dt

= u(x,t).

u(z,t) +o(z,t)n(t), (1)
—— ——
vector field matrix

with 7 representing “white noise” (to be formally defined later) and o(z,t) measuring the
strength of the fluctuation at (x,t). Here, n is a Gaussian process with E[n(¢)] = 0 and
E[n(t)n(s)] = do(t — s), where Jp is the Dirac delta “function” at 0.
In reality, u itself solves some PDE, and in the case of a (viscous) incompressible fluid,
we have
up + (u- V)u + zﬁ =vAu+ f

~—~
pressure force
V-u=0,
where for simplicity we assume ¢ = +/2vI. We have a system of 4 equations with 3

unknowns (the function u), so we need to solve this equation for the pair (u, P). A natural
model example for f is that f = f(x,t) is “white noise” in (z,t) (sometimes, we assume f
is white in ¢ and “colored” in x).

1.2 Regularity issues with white noise

Going back to the previous equation (1), how can we make sense of this equation? The
problem is that “white noise” cannot be realized as a function. A solution to (1) is an
example of a diffusion.! Observe that if v = 0 and ¢ = 1, then Cgll—f = 7. As it turns

! Diffusions were first described by Kolmogorov in the early 30s and later described by Paul Lévy and
Tt6.



out, x(t) = z(0) + B(t), where B is a standard Brownian motion.? It is well-known that
Brownian motion can be realized as a continuous function, in fact B € C'/2~. Here, we
write C% as the space of Holder continuous functions of exponent o and C*~ = () f<a ch.
In fact, n = B € C~'/2~. By f € CP for 8 < 0, we mean f = ¢ with g € C?*! (we will give
a more robust definition of this later).

Going back to & = u(z,t) + o(x, t)n(t), we expect this to have a solution z(-) € C'/?~.
To make sense of this, we write

We face the following difficulty:
we) = [nsrets)ds = [ Bleots)ds™ — [ Bls)a(s)ds,

where ¢ is smooth with compact support. The problem is that f is not C!, only C¥/2~.
This calls for studying f(f gdf with f, g continuous functions. This problem has a rich
history that we now review:

1. In fact, Riemann and Steiltjes defined the integral f[f gdf as

t 2"
| adr = tim S o) (k) - £0) )
=0

with s; € [t;,tiy1], where the ¢; form a mesh with 2" points. It turns out that this
equation converges (no matter what we choose for s;) if g is continuous (g € C%) and
f € BV is of bounded variation. Recall that f € BV means |f|py < oo, where
IfIBY = SUPgcry <. ctp et iy | £ (tig1) — f(t:)]. In particular, if g € C” and f € CY,
then f(f f dg can be defined.

2. Lebesgue theory allows us to interpret fgfdg as fgfdu, where p1 = ¢’ in a weak

sense:
/wdu =4'(p) = —/sO’gdt

for all smooth . In this picture, f € BV <= f’ can be realized as a measure.

3. So far, we know how to define [ gdf with g € C°, f € BV. But we can also make
sense of it if g € BV, f € C° by declaring f(fgdf = g(t)f(t) — g(0)f(0) — fg fdg.

2The moral here is to still differentiate things that are not differentiable. Don’t let that stop you.




4. Young observed that equation (2) still works if f € C%, g € C? with a4+ 8 > 1. In
fact, (2) works even when f € BV, /., g € BV, 3, where

IfllBv, =  sup Z |f(tivr) — f()P

<ty <<ty <t

for p > 1. Observe that BV, 2 C*. Moreover, Young proved that h(t fo g df
satisfies the following bound:

[B(t) = h(s) = g(s)(f(t) = f(5))] < c|t —s|*F7 (3)

where ¢ is a constant depending on || f||ce and ||g||ce. In fact, h can be uniquely
specified as the only function for which 2(0) = 0, and h satisfies (for some constant
¢) (3). If h, h are two solutions, then k = h — h satisfies |k(t) — k(s)| < c[t — s|*T5.

1.3 Ways of defining the stochastic integral with irregular functions

Going back to our integral fga(x(s),s) dB(s), Young’s theory does not apply because
both o (z(s), s) and B(s) are both in C'/2~. As an example, consider fg F(B(s))dB(s) for
F € C. In fact, the approximation in (2) may fail in two ways. Either the limit does not
exist or the limit exists but depends on the choice of s;! Some popular choices of limits in
probability theory are:

Example 1.1. It6 defined the integral
. 2n—1
M(o) = [ PB(E) B = i 3 FE(E)B) - B).

n—oo 4
=0

The advantage is that the outcome M (t) is a martingale.
Here is another choice:

Example 1.2. Statonovich defined the approximation by replacing F'(B(t;)) with

F(B(t;)) + F(B(ti+1))
5 .

There is also a “backward” way, where we choose F'(B(t;+1)) instead. Next time, we
will discuss the drawbacks of It6 calculus and introduce rough path theory.



2 Stochastic Integration With Irregular Functions

2.1 Integration of rough deterministic functions

Our ultimate goal is to study stochastic PDEs, but before that, we need to study certain
developments in studying stochastic ODEs from the 90s. For now, we are reviewing the
stochastic differential equation

dx

o U(.’B, t) + J(xa t)g(t)a

dt
where £(¢) is “white noise.” As we discussed last time, we may make sense of this equation
if we have a good candidate for

t
/ £(s) dg(s)
0

if f and g are as bad as Brownian motion. That is, we need to be able to deal with f,g € C*
for @ < 1/2. Last time, we learned that h(t) = [} fdg = lim, e 23161 F(si)(g(tjs1) —
g(t;)) with s; € [tj, tj+1] and t; = ¢-27", provided that f € C* and g € C” with a+ 3 > 1.
Alternatively, we can state the following result of Young:

Theorem 2.1. Given f € C*, g € CP with a + > 1, there exists a unique h € CP such
that h(0) =0 and

[A(t) = h(s) = f(s)(g(t) = 9(s))] < [Flalglslt — s[**7.

The idea is that we can approximate g by smooth functions to compute the integral, and
if we keep doing this with better approximations, we will get the same answer, regardless
of our choice of approximation.

An equivalent way to think about this is if <7 : C! x C! — C° by & (f,G) = fG’, then
this  has a continuous extension to & : C% x C7 — C7 with a + v > 0. Here, vy =5 —1.
This gives us a satisfactory candidate for fg', where f € C*, g € C®, o« + 3 > 1. The
Radon-Nikodym theorem says that if a distribution is a measure, then we can multiply
it by a function and we get another measure; this, by comparison says we can multiply a
distribution (which can be worse than a measure) by a function as long as the function has
enough regularity.

As we mentioned last time, Young’s integral cannot be used for our equation. Imagine
that we have f € C% g € C?, and o + 8 < 1 with a, 8 € (0,1). What can be said about
fg'?7 We may attempt to make sense of it by replacing g with a smooth approximation g.
and examine lim._,o fgl. It turns out that the limit may not exist or the limit depends on
the approximation.

In this context, let us examine the following question: Given Holder f, g, consider the
set A of h such that h(0) = 0 and for some C,

[A(t) = h(s) = f(s)(g(t) = g(s))| < Clt — s[**7.



Observe that if h, h € S, then h — h € CoP. In fact, given any h® € 7,
A ={h’ +k:k(0) =0,k e C¥F}.
Theorem 2.2 (Lyons-Victoire, 1999). 5 # & always.

The multidimensional version of this theorem was proved by Martin Hairer in 2013 or
so. In other words, if f € C*(R%), g € C#(R?), then we have at least one candidate for
“fVg” (a function multiplied by a distribution). This is basically a distribution that near
x, is “close” to f(x)Vg.

2.2 Integration of functions of Brownian motion

How does stochastic calculus fit into this framework? Let’s go back to our original problem
& =u(z,t) + o(z,t)§, ¢ =B.

Our first attempt is to make sense of fot F(B(s))dB(s).
It is not hard to show (using the strong law of large numbers) that

2n—1
; A _ 312 —
nlggo Z(:)[B(tﬁ-l) B(tj)]" =t
J:

almost surely. Observe that

> B(t:)(B(tiv1) — B(t:)) Ito ()
BdB ~ ¢ > B(tiv1)(B(tiv1) — B(t:)) backward (I1)
s, Bl ) tBU) (B, 1) — B(t;)) Stratonovich (II1).

Observe that I/ — I — t as n — oo.
It0’s candidate was to define

| P aBGs) = tim 3B Bltisn) - Blr),

where the limit exists in L?(P). ThlS is a falrly weak type of convergence, as opposed to
Young’s integral. Indeed, B — ¥ (B fo )) dB(s) is a only a measurable map and
is not continuous. This is an unsatlsfactory feature of It6’s theory.

Lyons made a very important observation, namely if we have a candidate for B(s,t) =
f;(B(Q) — B(s)) ® dB(f) (where the tensor denotes making a matrix out of this), then



the map (B,B) — #(B,B) = fg F(B)dB is now continuous. (Though B(s,?) must satisfy
some algebraic equations known as Chen’s relations.)

For this theory, we can replace B with any function (or possibly random rough path) that
is in C%, provided that o > 1/3.

2.3 The stochastic heat equation

We are now ready to discuss stochastic partial differential equations.

Example 2.1 (Stochastic heat equation). The stochastic heat equation (SHE) is
ur = Au + ¢,

where £ is white noise in (z,t). By this, we mean that ¢ is a Gaussian process, E[{(z,t)] = 0,
and E[¢(z,t)é(y,s)] = do(x — y,t — s) (to be formally defined later). One can show that
& € C% for any @ < —d/2 — 1. (Here, we are better off to use a “parabolic” metric, i.e.

[(z,t) — (, 8)|par = |© — y| + |t — s/'/2. Then Holder means —I{ﬁ)y_)@fgﬁg?l)

Because of “parabolic regularity” (which we will discuss later), we expect u € C
For example, when d =1, u € CY/2~ in the space variable, and it turns out that u € cl/a-
in the time variable. In higher dimensions, this will not be a function; we have to live with
distributions. We can make sense of this PDE by first using Duhamel to write

(—d/2+1)—

we.t) = [[ple =0+ t [va=ui- 5(1:; (sd> oiy)ds,
y, S

where p is a fundamental solution of the heat equation and W (dy, ds) is known as “cylin-
drical Brownian motion.”

10



3 Important Stochastic PDEs

3.1 The stochastic heat equation
Last time, we considered the stochastic heat equation
ur = Au+ &, reRYteR

where ¢ is space time white noise. We stated that we expect u € C~%2*1. In particular,
we CY?in z and € CY* in t when d = 1, but when d > 1 we don’t have a function; it will
be a distribution.

Later, we will see how a “subcritical” perturbation can be treated after a “renormal-
ization.” To explain this, let us first study the scaling properties of the above stochastic
heat equation. Recall that £ is a 0-mean Gaussian with E[¢(x,t){(y, s)] = do(x — y,t — s).
So A — 00, A4 p(Ax, A2t) — So(x,t). Observe that A\4+25y(\z, \2x) = o(x, ). Hence,

4

E(x,t) = N2\, \2) £ €(a,1).

Now we go back to the stochastic heat equation, and if u is a solution, and if u(z,t) =
A/2=1y(\x, A%t), then

(@ — ATG)(x, 1) = XY (uy — Au) (e, Nt) = €2 ¢

Thus, u is again a solution of the stochastic heat equation. This is compatible with our
guess for the Holder regularity of the solution, namely u € C(*=4/2~ in z and e ¢(1/2-4/4)~
in t.

3.2 The SHE with multiplicative noise

This PDE looks like
Zy=AZ +0(Z)¢

for a suitable function o : R — R.
Two examples that are particularly important are:

1. 0(Z) = v/Z. This example appears in several models in math biology and population
dynamics. Imagine you are modeling fish in a lake. Say each fish has an independent
exponentially distributed clock that tells you when it dies. When it dies, you replace
the fish with a number of descendants.

Imagine that each particle travels as a Brownian motion, all independent, and after an
exponential random time, a particle is replaced with N many particles with E[N] =
m. When m = 1, we have a critical regime, and as the initial number of particles goes
to infinity, we get a measure-valued process known as super Brownian motion.
When d = 1, this measure has a density Z, and Z solves this SHE with multiplicative
noise for 0(Z) = +/Z. This is also associated with Brownian snake.

11



2. 0(Z) = Z. As we will see shortly, this case is related to stochastic growth models.

It turns out that we can make sense of the SHE with multiplicative noise a la It6. In other
words, we write

(1) = / p(x =y, 1) Z(y,0) dt + / / Pz — 4.t — $)Z(y, 5) E(y, 5) dy da

W (dy,ds)

when d = 1. Note that we still have the Holder continuous Z multiplied by the distribution
&. Hairer treated this PDE in 2013.

3.3 The Kardar-Parisi-Zhang equation

We wish to model stochastic growths. Often we have a random interface separating different
phases. If the interface can be represented by a graph of a (height) function h : R¢x [0, T] —
R, then the Hamilton-Jacobi PDE of the form

he = H(hg) (+Au)

would be a good model as a first approximation. To capture the roughness of the interface,
we may write

hy = H(hy) + DAR + AL.

After some manipulation (expanding h about a linear function), we end up with the KPZ
equation:
hy = |he|* + AR+ €.

This is a far more singular PDE than what we have seen before. Note that when d = 1,
we expect h € CY/2~, and h, € C1/2.

The main challenge is to make sense of |h,|?. Indeed, the KPZ equation is “subcritical”
only when d = 1. To explain this, let h be a solution to this equation, and set /f;(a:,t) =
A\/2=1h(\x, A%t). Then

(he — AR)(z,t) = A2, N2) + XY 2T By Az, A2t))?

£(z,t)
= &(x, 1) + Ny (2, 1)

There are a few cases:

1. If d = 1, then as A — 0, the nonlinearity disappears. So, locally, the nonlinearity can
be ignored!

2. If d = 2, this is the critical regime. In fact, if we multiply |h;|? with a constant of
size —<— (after some smoothing), then we know how to handle the PDE.

V| loge]

12



3. If d > 2, then this is an open problem. We need to replace “C | with Ce?/2-1,
oge

First observe that if Z = e” and h solves the KPZ equation, then Z solves the SHE with
multiplicative noise. This is called the Hopf-Cole transform. This is surprising because
the type of singularity we encounter in the KPZ equation is much worse than in the SHE
with multiplicative noise. The problem is that the type of solution we had for the SHE
with multiplicative noise a la It6, which means that the usual chain rule must be corrected.
Recall that if § = b(x,t) + 0dB(t), then

1
dp(y) = ¢'(y)(bdt + 0 dB(t)) + 59" (y)o™ dt,
where d means the derivative. Recall that 3~ (B(t;+1) —B(t;))? = t, s0 (dB)? = dt. Thus,
we get the It6 correction.

Let’s go back to Hopf-Cole and do it carefully. To do this carefully, take a smooth
kernel x with [y =1, set £5(z) = e~9¢(x/e), and put

Eat) = [ - €1,
Then first solve
Zy =75, + & Z°.

Fix z, and treat this equation as a stochastic differential equation in ¢. Observe that
2
([ etmoncte—a) ]

E [ J[ cw et 0@ - e - ay dy'}
= dt) [ (¢ (o= )Py

= 50(75)5—1@.

c

E(x,t)’] = E

If h* = log Z¢, this satisfies
1
hs = h, + [(hi)z - 205—1} + &
We aimed for the KPZ equation, but letting h® — h, we get that

ht = gy + (B2 — 00) + &,

So we get that this blows up, but we know exactly how.

13



4 Final Overview of Stochastic PDEs

4.1 The KPZ equation
Last time, we argued that by It6 calculus, we can make sense of the SPDE
Ly = Lz + Zf

when d = 1. We want to use this solution to come up with a candidate of a solution to the
KPZ equation
ht - hrx + |hx|2 + f

We may use the Hopf-Cole transform to get a solution for this equation utilizing the
previous SPDE. To achieve this, we smoothize ¢ in the first SPDE by replacing ¢ with
&% #, X%, which is white in time and smooth in space. Here, x(z) = %X(%) with x a
smooth function of compact support and total integral 1. Then

Zf = 75, + 756
As we saw last time, for fixed z, {(z,t) is a multiple of standard white noise with

E[‘f(x’t)g(x’ S)] = 5O(t - 5)’

/ (€ (y) dy = dolt — )= / () dy = 5ot — )C .

—_——

C

In other words, if B represents a standard Brownian motion, we can represent
& (z,t) L VCEB(®).
Writing z(t) = Z°(x,t), we can write the smoothized equation as

dz= b(t) dt+ Z°(z,t)vCedB.

Zg, (z5t)
We now apply Hopf-Cole:
e 2 e
d(log z) = = _ % dt
S~ z z
hs

(using (dB)? = dt). Simplifying, we get

ZE 3
dh = <Zw - (’;> dt + V= dB.

14



Here,
7 7
=log 2%, =T b= - (0

Hence,
€

C
=t |05 - | e
Thus, we can renormalize the KPZ equation by subtracting a constant multiple of 1/e from
the right hand side:
ht = hag + (hf — 00) +&

4.2 Stochastic quantization

In Euclidean Quantum Field Theory, we need to make sense of probability measures that

are formally expressed as

1
Ze—%”(qﬁ) Do,

where ¢ is a field, i.e. ¢ : R® — R, and D¢ is a Lebesgue-like measure on the space of ¢s.
This may be compared with the following finite dimensional model: H : RY — R and the
minimizer of H correspond to the equilibrium states. If we take into account the thermal
fluctuations, we would have equilibrium measures of the form

1
—eH@  gp
~—~
Leb in RN
Observe that a gradient ODE would allow us to give a dynamical approximation to our

equilibrium states. For example, # = —V H(x) would allow us to approximate the mini-
mizer of H. As for %e‘H(x) dx, we need to solve

i = —VH(x)+ B(t).

Then the law of x(t) as t — oo is exactly %e‘H(x) dzx.

In 1981, Parisi and Wu suggested that a dynamical approximation as in this previous
equation would approximate the formal probability measures with a mathematically more
tractable model. Indeed, if we have a candidate for an inner product on our function space,
then

¢r = —0H(¢) +&(2,1),

which is called the stochastic quantization. Hopefully, ¢(-,t) ~ %e*'y‘d(‘z’) D¢ for large
t.
Let’s consider some examples:

15



Example 4.1. Consider
1
w0 = [ (3197 + V(@) an

where V : R — R. We may replace R? with a bounded domain with a suitable boundary
condition. If we use the L? inner product, then

@)0 = [ (864 V(@) v.
Hence, the stochastic quantization equation becomes

¢t = A:v¢ - V/(¢) + ‘£

This is a perturbation of the SHE. The best we can hope for is a regularity of the form
¢ € C1=%2)~ which means that ¢ is a function only when d = 1. Hence, V'(¢) is the
main challenge when V’ is nonlinear.

4.3 The Gaussian Free Field
Here is a brief history of %e“%ﬁ () D¢ and stochastic quantization. First consider the case
V =0 (or V(¢) = m2¢?/2). Then what we have for our formal probability measure is
a Gaussian measure though in infinite dimension. Using the L? inner product and when
V =0, what we have is

%e—é«—w,w

This is the celebrated Gaussian Free Field (GFF). Its covariance is (—A)~!, which has
a kernel known as Green’s function. In a domain D, we write GP(z,y) for this kernel:
Under GFF,
El¢(2)d(y)] = GP (x,y).
However, we expect ¢ € C1=4/2)~ hence not a function when d > 1.
For example, when d = 1, D = (0, 00), and we have the boundary condition ¢(0) = 0,
then

GD(as,y) = min(z,y).

This is the correlation of Brownian motion in d = 1. Similarly, for D = (0,¢) with 0
boundary condition, we get

GP(z,y) = min(z,y) — %xy,

which corresponds to a Brownian bridge in (0, ¢).
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More generally, we have Feynman-Kac

%e‘f GIE@PHVe@) dr Dy — o= S V@@ 1 (dg)
N——
law of BM

Next, consider d = 2. In this case, the GFF is “conformally invariant.” This has to do
with the fact that if b : D — D’ is conformal, then GP(z,2') = GP'(h(2), h(¢')). In fact, ¢
in GFF can be used to study Schramm-Loewner Evolution in critical statistical mechanics
(2 = e7(3)). Also, there are models for randomly selected Riemannian metrics that can
be expressed as 67¢(x7y)(da:2 + dy?), where ¢ is selected according to the GFF.

Finally, let us go back to the PDE

¢ =0 —V'(¢) +§

and examine the existence of a solution when V' is not linear. As a classical example,
consider V(¢) = ¢*/4, so that V'(¢) = ¢>. Again, it is not clear how to make sense of ¢3
when d > 2, as ¢ is a distribution. To get a feel for this, first let us figure out when this
equation is subcritical. Let ¢ solve this equation, and set ¢(z,t) = A/2=1¢ Then we can
readily show
e = A — XTI 4 £

So the model is subcritical iff d < 3. The case d = 2 was solved back in the late 80s. The
case d = 3 was solved in 2014 by Hairer. We need to renormalize the equation as

¢ = A7 — [(¢°)° — c=¢”] + €°

with c. = O(e71).
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5 Integration With Respect to Rough Functions

5.1 Lyons’ approach and Chen’s relation

Today, we try to solve ODEs of the form ¢ = V(y)&, where V is a C? function, and x is
a Holder continuous function, say, of exponent a. If a > 1/2, we can study this ODE by
first making sense of integrals of the form fot V(y(0)) dxz(0). We develop a strategy to deal
with such integrals when 1/3 < a < 1/2. Let’s explain the idea first.

We wish to make sense of

y(t) — y(s) = / V(y(0)) dx(0).

To make sense of the right hand side, we may try the following approximation for small
t—s:

/ V(u(6)) dz(6) = V(u(s)) [ dal6) +0(1t ~ 5.
s slt_ -

If we have a very fine mesh for defining our integral, then >, [t; — ¢;41]?® is small only
when 2a. > 1. This suggests a finer Taylor expansion of the form

/ V(y(0)) dz(0) = / [V(y(s)) + DV (y(5))(y(0) — y(s)] dz () + O(|t — s|**)
= / [V(y(s) + DV (y(s))V (y(s))(@(0) — x(s)) dz(0)] + O(|t — s**)

— V(y(s)) / dz(6) + DV (y(s))V (y(s)) / (£(0) — (s)) d(6)
+ O(|t — s]>®)

To make this work, we still need to make sense of

L

[0 - doto) = [ [ w0 - ') 0]

1,j=1

Terry Lyons’ idea in 1990 was to choose a candidate for X(s,t) = ft(:v(e) —xz(s))® dx(0),

S
and given (z(-),X(-,-)), we can make sense of integrals of the form fst V(y(9))dxz(0). For
example, given (x,X), we can define

for any C? function F, with .#(x) continuous in x.
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Theorem 5.1 (Lyons-Victoire). Given x € C%, there exists a function z € C* such that
2(0) =0 and

|2(t) = 2(s) — a(s) @ (x(t) — 2(s))| < wola]a]t — s**.
Here, [x]o = supsze(o,1] %

Here, we want to think of

so that

We also want to think of
2(t) — 2(s) — 2(s) ® (x(t) — 2(s)) = X(s,1).
Let us write (s, t) = z(t) — z(s), so that we can write
(s, 1) = 2(t) — 2(s) = X(s, 1) + 2(s) @ (s, 1).

From s < u <t = z(s,u) + z(u,t) = 2(s,t), we learn that X(s,¢) must satisfy the
following formula, known as Chen’s relation:

X(s,u) + X(u, t) = X(s,t) + [2(s) @ 2(s,t) — 2(s) @ z(s,u) — z(u) @ z(u, t)]
Using z(s,t) = z(s,u) + z(s,t), we get
= X(s,t) + z(s,u) @ z(u,t).

We can now define

(@)X Do = (2o + sup DL
s#tefo1] [t — s

Remark 5.1 (Geometric Rough Path). Roughly, 2%/ = x4/. Then

2V 42 =2t + 23 = —(a'2?).
dt
If the product rule applies, we expect

29(s,t) 4 29%(s,t) = 2 () 2! (t) — 2'(s)2? (s).

In general, this may not be true. For example, It6 calculus is not geometric, while
Stratonovich calculus is geometric.
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5.2 Convergence of the integral

Theorem 5.2 (Lyons). Let (x,X) be as above (Chen’s relation + [(x,X)]o < 00), and let
F € C%. Then we can define

I(F) = /0 F(x)- dx = Tim S [F(a(t) - 2t tipt) + DF(@(t) X (Eti1)],

|| —0 =
i

()
where m ={0 < t; <--- <t, <t} and |r| = max; |tix1 — t;|. Moreover,
/ F(x) - dx — (F(x(s)) - 2(s,t) + DF(2(s))* X(5,1))| < c() || Fllee[(z, X)[3]t - 5.

—_——
A(s)

Proof. Take a partition 7 = {s < tg < -+ < tp—1 < tp, < t = typ41}. Pick some i, and
compare Z(m) with Z(m — {t;}):

RA(m) — H(m — {t;}) = F(x(ti-1))z(ti-1, ) + F(z(t:))z(li, tivr)
+ Ati—1) X (i1, t:) + A(t:) X (L, tig1)
— F(x(ti-1))2(ti-1, tiv1) + Alti-1)X(ti-1, ti1)
= y(ti—1, ts)x(ti tigr) + A(ti—1, t) X (ti, tigr)
— A(ti—1)x(tio1, t;) @ x(ts, tig1)
= [y(ti—1, t)x(ti tivr) — A(ti—1)2(tiz1, ti) @ 2t tit1)]
+ A(ti-1, i) X (tis tit1)-

So we may estimate the error as

(% ()| = |[y(ti—1, ti)x(ts, tiv1) — Ati—1)w(tio1, ts) @ x(ti, tiv1)] + Alti1, t) X (ti, tiy1)|
< ||Flle2ltivn — 2 [2]2 + | Fle2[tivr — tima ¥ Flc2 [X]2a

Choose 7 so that [t;11 — t;i| < 2(t — s)/n,
|3
%(ﬂ') — %(77 — {tl}) < COWQ?)Q.

Do this inductively to obtain
\% () — Z(D)| < colt — s[>

From our proof, we can also deduce that Z(m) converges as || — 0. O
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6 Considerations for Integration Theories

6.1 Definition of Lyons’ integral

We are interested in pairs of the form x = (z,X), where 2 € C® (i.e. x:[0,1] — R’ is
Holder of exponent ), and X : [0, 7]2 — R®** (into the £ x £ real matrices) such that

x(s,t) = x(t) — z(s), X(s,t) = X(s, u)X(u, t) + (s, u) @ z(u, t),
which is Chen’s relation. We write

t) — X(s,t
1Xlleze = [2(0)] + sup ED =2ON o X0
s#t ’t—s] st

[7]a

We write Z% = {x = (2,X) : [|X[|a,20 < 00, Chen’s relation holds}. Last time, we proved
the following theorem.

Theorem 6.1. Assume o € (1/3,1/2]. If x € Z* and F : R — R’ € C?, then

n

t
/ F(z) - dx:= |h\mo D [F(@(t:) - @(tis tiva) + DF(w(t:)) : X(ti, tig1)]
i d 3
0 7r={t0=0<t1<"'<tn+1:t} =0

here if A = [a; ;| and B = [b;;], then A: B =}, a;;bi;, exists, and
t
/ F(z) - dx — (F(x(s)) - 2(s,t) + DF(2(s)) : X(s,1))| < co()[|Fllez %3 2alt — 51>

The way to think about X(s,t) is

X(s, 1) :/:/: dz(0') @ dz(0).

6.2 Remarks on integration theories

Remark 6.1. Write Z%(z) = {X : (2,X) € 2°}, with a > 1/3. Now if X, X' € 2(x),
then W = X’ — X, and

W(s,u) + W(u,t) = W(s,t).
So if W (t) := W(0,t), then we can write W (s,t) = W(t) — W(s). Moreover,

WO =W

So W € C?@. Thus, if X° € #%(x), then
Z(x) = {(XOs,t) + W(t) = W(s) : 5,t €[0,T]) : W € C**}.

In particular, if a« > 1/2, Z%(x) consists of one element.
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Remark 6.2. To generalize our theorem, we define the following function space: Given
x € C%, let 9%(x) be the set of pairs (y,y) with the following properties:

o y:[0,T] — R,

e y € C* (could be C? also),

y:[0,T] — R

yeCe,

1@, D2 = [Y]a + [Ula + sup y(®) —y(s) —|t17_(88)|;65x(t) —2

For example, if F: R® — R’ € C? and z : [0,T] — RY, then (y,9) = (F(z), DF(z)) € 9(z).
We call 4(x) the Gubinelli class of .

With an identical proof we can show this: If x = (z,X) € 2 and y = (y,7) € Ya(z),
then

t
/y-dx = lim [E y(t)x(ti, tivr) + y(ti) = X(ti, tiv1)
0

|7|—0
= {to 0<t1 < <tpt1= t}

The analogue of the bound in the theorem also holds, provided that || F||¢2 is replaced with
[l 20

Remark 6.3. If « > 1/2, then

t t
/y-dx::/y-dx
0 0

because in the above limit definition of the integral, the contribution from ), ¥(¢;) :
(ti,tix1) is 0, so we can drop it. If this is the case, we refer to it as a Young integral.

Remark 6.4. Suppose X? € Z2°(z), and let W € C*>* with X(s,t) = X(s,t)+W (t)—W (s).
Now

t t t
[ @i dwx) = [ dex)+ [5:aw.
Young integral

Remark 6.5. We say x = (z,X) € Z, i.e. x is (weakly) geometric, if
X(s,t) + X*(s,t) = z(s,t) @ x(s,1).
Equivalently, we can say

Xij(s,t) +Xji(s,t) = z4(s, t)w;(s, 1),

22



where X ; = fst z;drj — xi(s)(x;(t) — x;(s)). Hence, if Zg(z) = {X: (z,X) € #Z;'}, then
the symmetric part of X is uniquely determined. Hence if X° € Xy, then
Ky (r) = {XOs,t) + W(t) = W(s): W € C** W* = —W}.

Now consider the corresponding integral:

t t t
/ F(z)- d(z,X) = / F(x) - d(z,X°) +/ DF(x) : dW.
0 0 0
Example 6.1. Take any x = (z,X) € £, and pick any 1-periodic function f : [0,1] — R’

If y,,(t) = n='/2 f(nt), then y — 0. Now consider z,, = 24y, —— 2. Then one can show
that the norm is uniformly bounded. Define

X, = X + / (Un(0) — yu(5)) ® dya(8) — X + (¢ — 5)C,

~
classical integral
where C' is an antisymmetric matrix.

Remark 6.6. Start from (%, || - ||a,2o). Let us define
t
Coo = {(x,X) :x € O, X is defined by X(s,t) = / (x(0) —z(s)) ® dx(ﬁ)} ,

where fst(x(ﬁ) —x(s))® dz(0) is a classical integral. Write Zg, to be the closure of Cs, with
respect to || - |la,2. It is not hard to see® Zsy C Zy . This has to do with the fact that C*
is not topologically separable. In fact, what is the closure of the set of smooth functions
with respect to || - |lo? The closure is exactly the set of z : [0,7] — R% such that

iy 20~ 2(9)
=0 |s—¢|<e |t - 5|a
sF#t

=0.

()

3Not my words.
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7 Gubinelli’s Sewing Lemma and Tensor Algebra for Incre-
ments

7.1 Gubinelli’s sewing lemma

The method we have used so far can be used to show that if x(t) = (f(¢),9(t)) with
f €C®, g € CP, then there exists a unique candidate for fg f dg (Young’s theorem), provided
that a + 8 > 1. (The general case o + 3 < 1 with f,g : RY — R will be treated later.)
More precisely, we can find a S-Holder & : [0,7] — R such that ~(0) = 0, and

Ih(E) = h(s) — £(5)(g(t) — 9(5))] < colt — 5]+,
=:A(s,t)

In fact, Gubinelli’s sewing lemma gives the sufficient (even necessary) conditions on A that
would guarantee the existence of such an h

Definition 7.1. Given A :[0,T]> — R and v > 0, we say A is y-coherent if
|A(S7 t) - A(S, U’) - A(“a t)| < CO|t - S|H_’y
for all s,u,t satisfying 0 < s <u <t <T.

Lemma 7.1 (Sewing lemma, Gubinelli). If A is y-coherent, then

h(t) = lim A(ti,ti_H)

—0
im0

exists, where m = {0 =tg < t1 < -+ <tp < tpy1 =t} is a partition of the interval [0,1].

Proof. If m = {s =ty < t1 < -+ <t < tp1 = t} is a partition of [s,#] and if I(7) =
Yoy A(ti, tiy1), then

I(m) — I(n \ {t:;}) = |A(ti—1,t;) + Alti, tir1) — A(tio1, ti1)| < coltivr — tioa|"™7.

We may choose t; so that |t;41 —t;| < 2|t — s|. We can repeat our previous argument to
show that the limit exists and that

o0 1—}—7
h(t) — h(s) — A(s, t)| < c|t — s|'*7,  where ¢= 2 . O
|h(t) — h(s)

Remark 7.1. Observe that if A(s,t) = f(s)(g(t) — g(s)), then

[A(s,t) = A(s, u) = A(u, )] = [f(5)(g(t) = [(5)) = f(s)(g(w) = g(s)) = F(u)(g(t) = g(u))|
= [(f(s) = fw)(g(t) = g(u))]
< [flalglslt — s|°*7.
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Note that our candidate h' represents fg’, and we are comparing f¢’ with f(s)g':

|1 (t) = h(s) = f(s)(g(t) — g(s))] = |(A' = f(5)g")(Ls. )] < colt — "7
Perhaps we set Fs = f(s)¢’, and the y-coherence condition requires some kind of regularity
of the map s — F.
A(s,t) — A(s,u) — A(u,t) = Fo(ligy)  —Fs(Tsn)) — Fu(lpg)
N—_——
Fs(Ls,u)+1(u,g)
= Fs(Lp,g) — Fu(lpg)
= (Fs - FU)(]l[u,t})'
Perhaps we should write ¢ = 19, and oN0) = )\_14,0(07793) = A‘lﬂ[x,ﬁ/\], which

approximates the § distribution at x. Then (Fs — Fy)(1p,y) = AMFs — F.)(¢)), where
A =t — u. Gubinelli’s condition means that

|(Fs = F)(e)] < A7H(s —ul + ).

This condition is sharp.

7.2 Tensor algebra structure for increments

So far, for a rough path, we need a vector z(s,t) = x(t) — z(s) and a matrix X(s,t). For
a > 1/k, we are dealing with a tensor algebra that is truncated at order k. For k = 3, we
cut it at 3 and only deal with 1 and 2 tensors. Consider the vector space V = RGR! @R*¢
with elements (A, v, A) (which we may write as A+v+A). We equip V with a multiplication
(tensor product)

A+v+ AN+ +A)= )+ MW +No)+ (AN + NA+v ).

Note that if G = {1 +v+A:v € R A € R“e}, then G is closed with respect to ®. In
fact G is a group. Indeed,
Q+v+ AT =1-@w+A)+w+AW+A) +---
=1-(v+A)+v®v
=l-v+(v®v—A).
Let’s take a rough path: z : [0,7] — R?, X : [0,7]2 — R, Given such a path, set

x(s,t) =1+ x(t) — x(s) +X(s, t),
z(s,t)
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so x : [0,7]2 — G. Recall Chen’s relation,
X(s,t) = X(s,u) + X(u, t) + x(s,u) @ z(u,t).
Observe that

x(s,u) @ x(u,t) = (14 x(s,u) + X(s,u) @ (1 + z(u, 1) + X(u,1))
= 1 (s, 1) + (X(5,2) + X(5,) + ((s,) © 20, 1))
= x(s,1).
Thus, Chen’s relation is equivalent to saying that x(s,t) = x(s,u) ® x(u, t). This says that
with respect to ®, x(s,t) is an increment. We can also see that x(s,t) = x(0, s) ® x(s, t),

which gives

x(s,t) = x(0,5) "t @ x(0,1).
(t)

In summary, Z¢ is isomorphic to the set of paths x : [0,7] — G and, by choosing a suitable
metric on G, that are left-invariant with x being a-Hoélder with respect to this metric:

[2]. = sup dG(ﬂﬁ(t)aﬁ;(S)) c %
st |t—s|

How about Zg? Even in this case, we get the set of a-Hélder paths x : [0,7] — @,
where G is a subgroup of G. Remember that

Ky ={(2,X) € 2% : X(5,1) + X*(s,1) = 2(s,t) ® 2(s,1)}

= {(w,X) € R : X(s,t) = %:r(s,t) ® x(s,t) + C(s,d),C* + C = 0} :

This suggests that R
G={l+v+(Zv®v+0):C*+C =0}
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8 Solving ODEs Via Rough Integration

8.1 Solving for the Ito-Lyons map

We now turn to the ODE of the form

j=o)x,  y(0)=y°,

where z € C® and ¢ is sufficiently smooth. Here, z : [0,7] — Rf, ¢ : R — R¥* and
y : [0,7] — R?. We find a unique solution to this ODE, provided that we choose a suitable
X so that x = (z,X) € Z%. The solution we come up with, y(-) = .#(y", x) is continuous
(even locally Lipschitz) in ¢° and x. .# is known as the It6-Lyons map. Let’s make some
preparations for this construction. Needless to say that we want to interpret this ODE as

y(t) = o+ /0 o (4(6)) dx(6).

Though if o < 1/2 (say « € (1/3,1/2]), we need to lift both o(y) and x to (o(y), o), (z, X)
with (o(y),0) € 9*(z), (z,X) € Z*.
Recall that ¢ (z) consists of pairs (z,z) (where we intuitively think of z as a “deriva-
tive” of z with respect to x) such that z,z € C* and
|2(t) — 2(s) — 2(s) (x(t) — (s))|

[(2,2)]20 = up T < 0.

Indeed, from the integral formulation of this ODE, we expect that if y solves the equation,
then (y, 0(y)) € 9°(x).

Theorem 8.1. Let x = (2,X) € Z* for a € (1/3,1/2], and assume o € C; (bounded
derivatives). Then for each y°, there exists a path y € C% such that y(0) = 4°, (y,0(y)) €
G*(x), and

y(t) = o° + /0 (0(1),5(1)) - d (2,X).

g X

Here, o(y) = [67%(y)] with ;
7*(y) =) ol (y)oF (y).
r=1

Moreover, ¥ (y°,x) is Lipschitz with Lipschitz norm calculated in terms of |o|lcs and

HXHa,2a-

The idea is to start from y = (y,y) and set

A1) = <y0 + [ (o). 509 ~d(a:,X),a(y)> ,

0
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where 5(y, ) = [77*(y,§)], where
oy, 9) =D oy (™.
r=1
If ¥ is a fixed point of F, then we are done because then the Gubinelli derivative of such
y must be o(y).
8.2 Breakdown of the map F
Let’s understand F better: Throughout, x = (z,X) € Z° is fixed.

Step 1: Recall that for z = (z,%) € 9°(x), we can define w(t) = [} zdz, which satisfies
|w(t) —w(s) — z(s)(@(t) — 2(s)) — 2(s)X(s, )| < co([Zlalz]a + [ElalX2a)[t — s[**.
This suggests Fy : 9%(z) — 9(z) by F2(z,2) = (w, 2). In fact, FO is linear and
[FR(3)]a20 < co[X]a2a]¥]a2a-

Here is the short proof of this:

Proof.

w(t) — w(s) = 2(s)(x(t) — (s))] < ||2l|z[X]2alt — s|**
+ ¢o(what we had before)|t — s[>*. O

Step 2: Define F) : G%(x) — G%(x) with FL(z,2) = (0(z), Do(2)Z), where

d
(Do(2)2)7F =Y oz

r=1

and F! is bounded if o € C?. Here is the proof:

Proof. Using a Taylor expansion for o,

|o(2(t)) — o (2(s5)) — Do(z(s))z(s)z(s, 1)]
< [Do(2(9))(2(t) = 2(s)) — Do(z(s))Z(s)x(s, )] + | D*0]| oo [alt — 5]
< |Do ||z [2]a2alt — s|** + | D?0]| oo [2]alt — s

< |lollcz(zla,2alt — s[*.

So we get that
[7x(2)]a2a < llollc2[2]a20- L
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Step 3: Next, we define F : 9%(x) — 9%(x), as F = F’ o F!, so we send

0.9) 7 (0. Do) > ( [ 08)- dlw.00)) .

0

Then set

P = (10 + [ 0:0) de.00)).
We need to turn F’ into a contraction so that it has a fixed point. We achieve this
by choosing a sufficiently small interval [0, tp), and finding a nice invariant subset of
G(x). As we will see, to depends on ||o||¢s, so we can repeat the same construction
on [to, 2t0), P

How can this be done? First, switch from ¥“(z) to g"‘(m) = {(y,9) : y(0) =
y°,7(0) = o(y")}. This way, we don’t need to worry about the difference be-
tween a norm and a seminorm; this contraction takes place in a metric space,

which is good enough for our purposes. Observe that (a,a) € ?\a(aﬁ), where a(t) =
Y0+ a(y°)(z(t) — z(0)) and a(t) = o(y"). Observe that

(s) (x(t) — x(s)) = 0.

S
—~
~
~—
|
=
—~
»
SN—
|
Q)

Now set & = {(y,y) € g?a(:c) [y —a,y —@)]a2e < 1}. The trick is to construct
something in a rougher space and then show that it is as regular as you want. We
will continue this next time.
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10 Kolmogorov’s Continuity Theorem for Rough Paths and
Candidates for the Lift of Brownian Motion

10.1 Kolmogorov’s continuity theorem for rough paths

Recall that if A(z fo fo ﬁiﬂ)‘)dt ds with ¢,p : [0,00) — [0,00) increasing,
¥(0) =p(0) =0 and 1 (00) = oo, then

o0 ~ao < [ ut (5 pian

For example, if ¢(r) = 79 and p(r) = r**1/7 with ¢ > 1 and « > 0, then
2(t) — 2(s)| < co(q, a)A(x) /|t — s|*~ 19,

T‘x
dtd
A =

then z is Holder continuous of exponent o — 1/¢. In particular, if  is randomly selected
according to a probability measure P and E[|z(t) — z(s)]?] < co|t — 5|79, then

T T
x)] < co/ / [t — 5?1771 dt ds < oo
o Jo

if > a. In summary, if we have this L? bound on x(t) —z(s), then x is Holder of exponent
v € (0,8 —1/q). This is also true for z : [0, T]% — R If (E[|z(t) — x(s)|9) Y < colt — 5|7,
then x is Holder of exponent v € (0,5 — d/q).

Here is a version of Kolmogorov’s continuity theorem that involves rough paths:

In summary, if

Theorem 10.1. Let x : [0,T] — R’ and its lift X : [0, T|> — R*¢ satisfy Chen’s relation:
X(s,t) = X(s,u) + X(u, t) + (s, u) @ z(u, t).

Let ¢ > 2, B> 1/q, and assume that there exists a constant co such that (E[|z(s,t)]1])Y/9 <
colt — s|? and (E[(\/|X(s,1)])9))/9 < co|t — s|®. Then there is a version of x = (x,X) such

that . .
25.0) ' (g VIEGD)
sup —m——m— up —m@M383@M@M@M
[t — s|o—1/a ot [t — s|o—1/a

Proof. Without loss of generality, assume 7" = 1. Take a dyadic approximation of [0, 1]:
set D, = {j/2":0,1,...,2"}, and let D = J;~, D,,, which is dense in [0, 1]. Set

E

< 00,

provided that o < 3.

Ay = sup |x(t+27") —z(t)| = sup |z(t,t +27"), B, = sup |X(t,t+27")]
teDy, teDy, teDn,
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Let s,t € D with s < ¢, and pick m so that 1/2mF! < |s —¢| < 1/2™. Pick 6 € [s,t] N Dy,
which exists because |s — t| > 1/2™. Then

(1) — a(s)| < |2(t) — 2(0)] + [2(0) — x(s)].

Now write the dyadic expansion t — 0 = g% + 504 + -+, so [2(t) —2(0)] < >_,5,, A4
Doing the same with the second term,

Hence,

1’(’? — *7’;(3)| < ‘l‘(t) _ $(8)|2(m+1)7

< 97+1 Z A, 2™

n>m

< ortl Z A, 2™,

n>m

So we get the bound

|z(t) — a(s)| -
— v+1 ny
sup = sp <2 ngo A, 2™,

We want to get a bound on the L? norm of this:

(EKsup ‘“@_‘j@’) D SEDICNER

On the other hand,

AL = sup [o(t+27") —2(t)9 < Y Ja(t+27") —2(t)]Y,
t€Dn t€Dn

and taking expectations gives

E[AL) < Y Efla(t +27") — a(t)|]
teDy,
< cdong—nba,
This gives the LY norm bound

(E[AI)Y9 < g2 B=1/0),
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Hence,
1/q
(E [(sup ’x(ﬁ) - 755)|>q]> < o2t Z 9—n(B=1/a=7) ~
-5

ifv<p—1/q.
As for X(s,t), we do likewise. Let s,t,60 be as above and use

X(s,t) = X(s,0) + X(0,¢) + 2(s,0) @ 2(0, t).

We get

2
X(s, )] <241y B2" + (Z Ane’”> :
n n

and we can repeat the above argument.
This would give us the regularity of = (resp. X) restricted to D (resp. D?). Then set

Z(t) = limy,,—¢ x(t,,), and we can show that z = Z almost surely:
tn€D

Ellz(t) —z(¢)[] =E | im |z(t) — z(ty)

n—oo

< liminf E[|z(t) — z(t,)]]

SCOItftnIﬁ

=0. O

10.2 Candidates for the lift of Brownian motion

We now offer two candidates for the lift of an /-dimensional Brownian motion, namely Ito
and Stratanovich. Define

B"(s,t) = A(s,t) — B(s)(B(t) — B(s)),

with

A(s,t) = lim > B(t;)(B(ti+1) — B(t)).
t; dyadic in [s, t]

Define the Stratanovich integral similarly except with

. _ B(t;) + B(tis
ASt t(svt):nh_{go Z ( ) 5 ( + )(B(tH_l)_B(t))
t; dyadic in [s, t]

For the sake of definiteness, assume s = 0. For diagonal terms, we have

AR = lim D" Bo(t)(By(tin) — B(t),
{ti}:Dn
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ra B, (t;) + B, (t;
A=t 5 PR (5 1) - 50 -
{ti}:Dn

Observe that

(ABtrat _ 41%0) (5 4) _hmZ By(tin1) = Br(t:))” = ——,

where the last step is a theorem of Lévy. (The proof is to show that E[> (B, (tiy+1) —
By (t:))? — (tix1 — ;)] — 0 as n — oc.) Hence,
B(t)* — B(s)> — (t — 5)
5 .
It remains to evaluate A,/ AS“rat Basically, we have 2 independent, one dimensional

standard Brownian motions, say Band B’ , and we want to calculate lim ), B(¢;)(B(tiy+1)—
B(t;)). Let

Al (s,t) =

[t27 | —1
Bn(t)= Y B'(t:)B(titit1).
i=0
First assume ¢t = 1, and let us examine
By1 —Bn =Y (B'(t:)B(tisi) + B'(s:) B(si, tiv1) — B'(t:) B(ti, tiv1)),
i

where s; is the midpoint of [t;, t;1+1].
= ZB, tz; S 317 H—l)

So
E[(Bpt1 — Z]E [B'(ti,5:)*B(si, tis1)?]

_ Z 9—2(n+1)

2 n=2

Hence, B,, is Cauchy in L?.

It turns out that B, as a function of time is a martingale, and we can take advantage
of this to have a better convergence. First, we set F; to be the o-algebra generated by
(B(s) : s € ]0,t]), and we say t — M (t) is a martingale if E[M (¢) | F(s)] = M(s) for s < t.
Using Doob’s inequality, we can have convergence that is uniform in ¢:

(E

sup M (t)

7\ /P
D < LoE[MD)P),  p>1L.
t€[0,T]] b —
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11 Gaussian Inequalities and Markov Techniques for Lifts of
Brownian Motion

11.1 Gaussian-type inequalities

For many stochastic processes of interest, we either can use the Markov property or take
advantage of the Gaussian distribution of the realizations. In the former case, many mar-
tingales become available, and in the latter case, many Gaussian-type inequalities can be
used.

For example, if z : [0, 7] — R% is a Gaussian process that is centered (i.e. E[z(t)] = 0 for
all t), the process is determined by its correlation, E[z(t) ® 2:(s)] = R(s,t). For simplicity,
let us assume that © = (z1,...,24) with x;,2; independent for i # j. Then R(s,t) is
diagonal.

Example 11.1. If X; have the same law for ¢ = 1,...,d, then R(s,t) = C(s,t)I, where C
is scalar-valued, and [ is the identity matrix. Also,

Ellzi(t) — zi(s)[") = O(t,t) + C(s,5) — 2C(s,1),

and if

Ella;(t) — i(s)|%] < colt — s|**,
then we can use Kolmogorov’s continuity theorem to assert that = € C? for every 8 < a.
Indeed, this estimate would imply that

(Ellzi(t) — zi(s) "DV < an(Ellai(t) — wi(s)]*)"?
S \/%an“ - S|a7

and we can use Kolmogorov’s continuity theorem to obtain control on [x;],_1 /(2n)—e; this
holds for any n. To see this, observe that if X is normal with mean 0 and E[X?] = A, then

2
E[etX] = eT4, so that

The moral is that in the Gaussian case, we can bound higher moments in terms of the
second moment. The good news is that something similar is also true for martingales.

Rough path theory can be carried out for any Gaussian process, provided that E[|z;(t) —
7;(8)]?] < cot — 5|>* for some a > 0. For example, we can consider a fractional Brownian
motion that is specified by the requirement that E[|z;(t) — z;(s)|?] = |t — s|*/, where H is
known as the Hurst index.
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11.2 Brownian motion as a Markov process

How about the Brownian motion as a Markov process? Let B = (B, ..., By), where the
B;s are independent standard Brownian motion. As we discussed last time, we can come
up with a candidate for

B;dBj = lim B;(t2)B;(ty, tyy1), where D, ={t} =Fk/2": k € Z}.
kitp €[s,t]

This is in L?(P), where P is Wiener measure, a probability measure on C([0,7]; R?). We
had another candidate that we will denote

t B;(t}) + B;(t}
[Boan=m ¥ POIEEA g )
S

n—00 2
kitpe[s,t]

For diagonal terms, we have explicit formulae, namely

t (12 _ RB.(c)2 _ t ()2 _ R.(\2
/BidBi:th) Bi(s)® t—s /BiodBi:th) Bi(s)*

2 2 2

Though when i # j, we have fst B;dB; = fst B; o dB; because

n—oo

t t
. 1
/ BiO dB] —/ Bz dB] = lim 5 Z Bz( Zytz+1)Bj(tZ7 Z-{-l)’
s s

trels,1]
and
2
E ([ Y Biltp ti0) Bt ti) | | = D EIBilty ti) 1 BIB; (1, 1))
tp€[s,t] 1 Els,t]
~2M(t—s)27 27"
— 0.

In summary,
5 1
B (s, t) = BS"at(s, 1) — §(t —s)I,

where I is the identity matrix.

However, we need to show that (B,B"®) € % for any a < 1/2. We have done with
the B part. We get our estimate for BI*® using the fact that M; ;(t) = fg B;dBj is a
martingale. We write F; for the o-algebra generated by (B(6) : 6 € [0,¢]). Then M(t) is a
martingale if E[M(t) | Fs] = M(s), or E[M(t) — M(s) | Fs] = 0.
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For example, B(t) itself is a martingale, and observe that E| fst B;dBj | 5] = 0. Indeed,

E| Y Bilt)Be(th,tia) | Fo| =E | > Bi(s)B;(t},tier) | Fs
k/2m€[s,t] k/2m€[s,t]

~ E[Bi(S)Bj(Sa t)]

First, we can show that

which yields

Here, if we write A; ;(t) = fg Bi(0)%d0, then M; ;(t)* — A; j(t) is again a martingale.? We
have the following fundamental inequality in this context that is due to Burkholder-Davis-
Gundy (Doob’s inequality):

Lemma 11.1. If M and M?— (M) = M?—[M] = M?— A are martingales with M(0) = 0,
define M*(t) = supycpoq |M(s)|. Then

E[M* ()] < ¢  E[A7].

Now, for our example,

E[B"(s,1)|"] < cE

t q/2
/ Bi(s,0)*do ]

q
sup |Bi(s, 0)] | | [t — s/
0€(s,t]

4This is not a coincidence. For any such martingale, if we square it, there is a monotone function we
can subtract to get another martingale.

<cE
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So

< |t — st — 5|92,

(E[IB" (s, )| 1)/ < cft — s|*F1/2.
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12 Exponential Martingale Bounds and Geometricity of the
Stratonovich Integral

12.1 Exponential martingale methods for bounding Brownian motion
increments

Our purpose is showing that our candidates

B(s,t) = lim Y B(t})® B}, %) ~B(s) ® B(s, ),

n—oo
t7E(s,t]
B (s,t)
_ B(t7) + B(ir
Bs.t) = tim 3 B o pan i) (o) @ Bls.)
7 e[s,1]
Br(s,t)

Last time, we worked out the “quadratic variation” of B,, and applied the Burkholder-
Davis-Gundy inequality to get the desired bound. Alternatively, we can use the so-
called exponential martingale to get our bounds. The philosophy is that if we have
a martingale M (t) and we want a bound, we need to control a modulus of continuity
SUDPsts |s—t|<s | M (t) — M (s)|. Recall that if X is a centered Gaussian, E[e*X] = e/ EX?],

Proposition 12.1. If we set X; = B(t}') — B(s), then

r—1
A2
E [exp <)‘ZXB i z+1) 2 X’LQ( i+1 t?))] =1

i=k

Proof.

r—2
A n n n n
LHS =E [exp ()\ZXB Pth) = S X — t)> A B )= A X2 (=)

i=k
Condition on the past up to time ¢!’ ;. The term on the right just becomes 1 because
B(t1_4,t") is the only randomness.
r—2 22
—E[QXp()\ZXB 1) z+1) 2Xz2(?+1_tz)>]
i=k

We can do the same thing, picking off one term at a time

=1. O
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Remark 12.1. We may write this as
AM,—22 7
E[eM ™74 =1,
where M, is a martingale, and Z,, is the quadratic variation of M,,.

We wish to expand this expression in A:

f: Km(Mn,Zn)/\m] :

m—0 m!

From this we want to deduce that Koy = 1 and E[K,,(M,, Z,)] = 0 for all m > 1. This
gives nice control on M, in terms of its quadratic variation Z,. Indeed, use the expansion:

£ > tm
T = Z(He)m(aj)m,

m=0
Where (He),,(x) is the m-th Hermite polynomial. Hermite polynomials satisfy the recur-
sive identity (He)p,t1(x) = z(He)p,(x) — m(He),—1(z). We also have (He),,(x) = 1 and
(He)1(z) = z, so it is possible to show that (He),,(0) = 0 if m is odd. We can also show
that (He),, has even powers if m is even and odd powers if m is odd. Moreover, we have
the expansion (setting ¢t = \V/Z and z = %)

a2 = A
AMM—57Z _ ZK’”(M’Z)m!’ Km(M,Z):(He)m<
m=0

Observe that

Kom(M,Z) = M*™ + P M*™ 27 4. 4 ™ M2 2™ 4 dmzm,

m—1

From this an E[Ky,, (M, Z)] = 0, we learn that

]E[MQm] < - Zczn E[MmeZiZi]'
=1
(ea)? | (b/e)?
p +

Let’s Schwarz this!® Use the weighted Schwarz inequality, ab < 2~ = to write

o 9m— 92 A A . i
E[M2m—2i 71 < M2m—2i 2m/(2m—21) A m/i ¥
| )< 22 gy (2 ey L
= (1= 2 )emtmonpm (1) Zam,
m £ m

SMaybe we shouldn’t be using Schwarz as a verb, but this is how verbs are created.
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From this, we deduce
E[M*™] < ¢, E[Z™).

In summary, if

M =M,= Y (Bj(t}) = Bj(s)Bx(t},t},),  B=(Bi,...,By),

7 els,t]

then
E[M,]) < en E[Z)T],

where

Zn = Bj(s,t1)(t]y, — 7).
tm

Recall that if o € (0,1/2) and if

B(s,t
C(B) = sup | (_87 ZJ,
s#t ’t S’
s,t€[0,T]

then E[C(B)?] < oo for every ¢ > 1 (and in fact even E[e®(®)] < o0). Then
E[Z,] < E[C(B)™[t = s[**™*™] < ¢}, [t — ™+,
As a result,
(E[Mzm])l/(‘lm) < c;ncm|t—s|(2a+1)/4.

In other words,
IV Mol ey < et — 5| 4D/,

and by Kolmogorov’s theorem,

M t
E| sup YMalDI
sF#£t |t_5|'y
5,t€[0,T]

provided that v € (0, QCZH — ﬁ) By choosing m large and « close to 1/2, we can get
any v € (0,1/2). Thus, we do have a rough path (B,B) in £7 with v € (0,1/2). Since
B(s,t) = B(s,t) — 5521, the same is true for B.
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12.2 Geometricity of the Stratonovich lift

We now claim that B is geometric and that a smooth approximation of B would lead to the
Stratonovich integration. Recall that we want to solve an equation like § = b(y) + o(y)B;
we have two candidates for the integrals in the corresponding integral equation, as well.
If we replace B by a smooth approximation B, =0, B, then we can solve the equation
Ue = be(y) + 02 (y)BE classically. Then lim._,gy. = ¥y, so

~

§ = b(y) + o) 5 B.

Thus, it will be the Stratonovich integral, not the It6 integral. Note that the regularization
should be independent of the path.

To explain this, let us observe that if B is a Brownian motion and B is the linear
interpolation

n = t— t"?' n tn—l-l —t n
BM(t) = Z Len n, 1(E) - [mB( iv1) + mB(ti) :

then

/ BM(@)® dB™(0) = Y / () ® dB™(9)

7 e[s,1]

_ n B( )+B( z+1) B(tz’tz—i—l)
tnefs,t] i1 h

= Stratonovich approximation.

So for o € (0,1/2),
(B(”), / B dB(”)) 2 (B B)

because we already know the L?-convergence, and we have established a uniform bound
on Z* of the approximation. Hence, we have convergence in % for § < a.
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Remark 12.2. We can have the following probabilistic interpretation for our approxi-
mation that offers another proof of the L?-convergence. Namely, if F,, is the o-algebra
generated by (B(t?) :i =0,1,2,...), then B"™ =E[B | F,]. Then B™ — B follows from
the celebrated Doob’s martingale convergence theorem.
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13 Making the Jump From Stochastic ODEs to PDEs

13.1 Main results thus far for solving stochastic ODEs

Here are two main results that we have established so far:

{y =o(y)t
y(0) = ¢°

has a solution that is stable with respect to its input, provided we use the rough-path
interpretation for the integrals:

1. The “ODE”

s =+ | (0(9),5) d(a, X)

with & = Do (y)o(y).

Moreover, y is a fixed point of the operator

I(y,x) =y’ +/0 (o(y)Do(y)y) dx.

Using our bounds for the integral, the operator .# is bounded linear in x and locally
Lipschitz in y, and we learn that the solution X (3°,x) is continuous.

2. If B denotes the standard Brownian motion, then we have two rather natural can-
didates for its (random) lift, namely (B,B) (It6) and (B,B) (Stratonovich) in %
for any o € (0,1/2). Note that our candidate (B(-),B(,-;B)) is in L*(P) with P
representing the Wiener measure, though B as a function of B is only measurable.

In particular, we may approximate B by some nice function, say B, and solve

fo=w
y(0) = ¢°.

Then limy,,— o yn = y, where y solves

J=o(y)B.

Indeed, if for B™ | we choose the linear interpolation of B using dyadic points D,, =
{i/2" : i € Z} and consider (B B(™) by

t
B (s, 1) = / B™ & B™(9) do,
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then as we discussed last time, B(™ (s, t) is simply the Stratonovich approximation.
Hence, in the L? sense, B — B.

We also know that sup,, H[B(”),@(”)]a,QaHLq(P) < 00. As a result, if we define B() =

(B(”),@(")) and B = (B,I@) and regard it as a function B, we can show that for
P-almost all choices of B, ~
do(B™ B) — 0,

where d, is the distance with respect to [-]n,2q-

In summary, we managed to do Stochastic calculus in two steps:
B measurable (B (C) continuous “Z] _ U(y)i(B IB)”
) - dt )
Now we want to carry out the program for PDEs.

13.2 Preliminaries for Stochastic PDEs

We start with some notation. We have ¢ : R? — R or ¢ : D — R with some open subset
D C R We will use

el = llellec =suplp()l,  [l@llLe(p) = sup |o(z)|
T zeD

to denote the L> norm on R? and D, respectively. Given k = (ki,...,kq) € N&, we define
)= ol dlp,  Ikl= kit g

We write C” for the set of functions ¢ for which 9% exists and is continuous for any k with
|k| <r. And

leller = D 18" ] e

k| <r

We write D for the set of smooth functions of compact support, and if K is a compact
subset of R?, then D(K) means the set of ¢ € D with suppp C K. By D', we mean the
set of linear functionals 7' : D — R which are linear and satisfy

T ()] < exllellonw

for some constant cx and index rg for every ¢ € D(K). Here, ri is called the order of
the distribution.

Example 13.1. A 0-th order distribution would be a measure by the Riesz representation
theorem.
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Next, we wish to discuss C*(R?) (or C2.(R?)) for a € R. Given a (test) function
¢ : R4 — R, we define

Tr—a

Pi(z) = 6% ( 5 > . (@ =08, pa =00

Observe that [ @3 = [ ¢.
Imagine that u : R? — R is Holder of exponent «, and take ¢ from

Do = {(p € D :suppp C B(0, 1),/(/3 #0,|lollre < 1} .
We will use the bracket notation
(= ula). o) = [ (u=u(@)ed da.

Taking absolute values and making a change of variables, we can write

[ — u(a), ¢3)] = ] [ utanet i

- ’/(u(a +02) —u(a))p(z) dz

< [u]s® / 2] [o(2)] d.

Hence, for u € C* with « € (0, 1],

_ 5
[u]ca := sup SUpsup|<u u(a), ¢a)l

ClU]a,
5€(0,1]aeK ¢ 0 B H

so these norms are equivalent by the following proposition:
Proposition 13.1. If [u]ce < oo, then u € C*.

Proof. If [u]ce < oo,

sup 64 lu(z) — u(a)| dz < cpd®.
acK |z—al<d

Choose § = |a — b| and argue that

u(a) = u(d)] < Ju(a) = u(2)] + [u(z) - u(b)]
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for z € B(a,d) N B(b,d) with § = |a — b|.

Integrate both sides over B(a,d) N B(b, ) to get

| B(a,8) 0 B(b,6)] - |u(a) — u(b)] < / ju(a) — u(z)] dz + / u(b) — u(z)| dz

Bayb Ba,b Ba,b
<[ ju@-ulde s [ ju®) - ue)ds
B(a,s) B(b,9)
< 2¢06°T.
Hence, |u(a) — u(b)| < c10%, as desired. O

We want to go beyond a € (0,1). For example, consider o« > 1. For such «, we first
define n = max{m € N: m < a}. We say u € C* if u has n-many derivatives and if

d

Piz) =Y (uw)(a)(z—a)F,  (z—a)" =][(xi—a)¥ K=k kg,

Ik <n i=1

then

— pu 1 d
[u]a,x = sup sup sup J(u 2)9% T
6€(0,1) p€Dg a€K )

One can show that [u],,x < oo if and only if u possesses n many derivatives and for any
k with |k| = n, 0% is Holder of exponent o — n.
Basically, we need to choose ¢ = 9%1) for some smooth v, and observe that

0% ]| oo < ATF
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14 Coherence and Hairer’s Reconstruction Theorem

14.1 Examples of coherence

Last time, we discussed CJ?_ for a € (0, 1) that can be characterized by (if u € Cf}, and K

is compact)

[(u — u(z), )]

Also, if o > 1, then we set

and u € C{j, means that for K compact,

sup sup sup - =: [u]ca,x < 00.
z€K §€(0,1] ¢€Do 0
(y — )"
Poy) = Prw) = 3 (0 u)(@)
[k <o
—P..
sup sup sup W—W =: [u]ca,x < 00.
z€K §€(0,1] 9€Do 0

For example, if o € (1,2), then

u(y) — Pu(y) = u(y) —u(z) —Du(z) - (y — )
~——

[u(ty+(1—t)z)]

1
_ /0 (Du(ty + (1 — )z) — Du(x)) - (y — z) dt.

To assert that if u € C' and Du € C®~ 1, then

lu(y) — Pr(y)| < clz —y|*

locally uniformly. Then we can show that the above norm is finite. However, we may use
our polynomial approximation expression for our definition of C} .

Here, we have an example of a function u that is well-approximated by a so-called germ
(P, : x € RY). Indeed, this family enjoys a regularity that we now explore. To find such a

regularity, observe

Py(z)

(z—a)”

Pa(x) = Z 8ku(a)T,

|k| <o

AT
= Z Gku(b)i( k!b)

|k| <«
—a\T _ 1\k
= Z Z I u(a) (b r'a) + Ry(a,b) Z=b" k'b) ,
|k|<a | |r|<a—|k| ) ’
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where the error
|Ri(a,b)| S |b—al*F.

From now on, f < g mean f < cg for a constant c¢. Hence,

"u(a —a)" (z —b)k x — bk
Py(x) = Z 3m!( ) ( Z (b - )" ( k:!b) m!)—i— Z Rk(a,b)(k!b)

|m|<o k+r=m [k|<a
(z—a)™
From this, we learn that
x —b)F
P) ~ Pala) = 3 Bua i) T
k| <o

and hence

[(Po = Pa, )| S ) [b—al* Mgl
k| <o

S(0+1b—al)”.

Here, we have an example of a germ, namely (P, : 2 € R%) that is a-coherent (which will
be defined later).

Let us have another example, namely what we had before in Gubinelli’s version (the
sewing lemma) of Lyons and Victoire’s result: Imagine that we have A(s,t) with

|A(s,t) + A(u, t) — A(s, t)| < |t — s[*H5, s<u<t,a+p>1
Then by the sewing lemma, we can find h such that
[n(t) = h(s) = A(s, )] S [t —s[**7.

For example, we may have A(s,t) = f(s)(g(t) —g(s)) with f € C* and g € C®. As we stated
before, we may consider the germ (Fs : s € R), where Fs = f(s)g’; what the condition A
means is this: Observe that A(s,t) = (Fj, 1j5,)). Hence

(Fu— Fo, Lpgg) S |t — s[o+P.
If o = 191,

(Fu— Fs,00)| S

~

0 (ju — 8|+ 0)P =671 (ju — s| + 0)7 1,

where v = a+ f — 1 > 0. In summary, we have an example of a germ that is y-coherent,
or more specifically (—1,~)-coherent.
Motivated by these two examples, we formulate some definitions.
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Definition 14.1. By a germ, we mean a measurable map F : R¢ — D’ sending = — F.

Definition 14.2. We call a germ (—7,7)-coherent with 7 = 7x only depending on a
compact set K and with respect to a test function ¢ € D, [¢ # 0, if the following
condition is true:

(Fr = Fyyo)) S8 (Jo —y| +8)F7x

uniformly for z,y € K. Here, we assume that 75 > 0 and v+ 75 > 0.
We say 7-coherent when we mean (—7,7)-coherent for some 7 which does not matter.

14.2 Martin Hairer’s reconstruction theorem

Theorem 14.1 (Martin Hairer’s reconstruction theorem). Assume that F is a y-coherent
germ with respect to some o € D. Then there exists u € D' such that

o7 v #0

u— Fy, 2 S
\ V)l {1+|log5| v =0.

uniformly for x € K and v such that suppy C B1(0) and ||¢|cr <1 with r =rg.
Remark 14.1. If v > 0 is positive, then the u in the theorem is unique.

Proof. If u and u’ satisfy the same inequality, and T' = u — o/, then |T(4/2)| < 67. Let us
take f € Ll and consider ¢ € D and consider f * . Here,

loc

(f * () = / (@ — ) f(y)dy = / (,0)(@) () dy.

We claim that

170 =1 ( [Tt a) = [ 1050 dn

This can be done by Riemann approximation of the integral. Now
7(¢) = L 7(¢ + %) = lim [ T(r,0)(0) dy =0,
—0 6—0

as |T()] S 8. =
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15 Bounds for Germs

15.1 Condition for coherence of germs

Ultimately, we wish to find a distribution u € D’ that is well-approximated by a germ.
Recall that a germ is F : R? — D’ that is measurable.

Proposition 15.1. Let F' be a germ, and assume that there exists a constant ¢, a compact
set K, exponents v and r, and a distribution u such that

|(u— Fp)(97)] < e

for all z € K, § € (0,1], and ¢ € D such that suppé C B1(0) = {z : || < 1} and
loller < 1. (Here, Fy := F(x).) Then

(Fe — Fy)(6))] < 2677 (Jo — y| +6)777,
provided that § € (0,1/2], ¢ is as before, and |x —y| < 1/2. Here, we may choose T = d+7.

Remark 15.1. This basically says that F' is (7,~)-coherent. Observe that

~

0 (Jr =yl +0)"7 <

6w =yt = VIR =yl > 6
o7 |‘T - y| < 5’

so this second case is an improvement. Also observe that if F is (7, v)-coherent and 7 < 7/,
then it is also (7/,+)-coherent.

Proof. Observe that we can write

(F = F)(@)] < (2 —u)(@)] + I(u— F)(&))
<|(Fe—w@)l+e 5
<67 (|lz—y|+o)7+T

It remains to bound |(u — Fx)(gbgﬂ Note that = # y in general. Observe that

) =500 (357
)

—igi) z—x—%ﬂy—aﬂ—%é)
g4 (ly — =] +9) \y—i|+75
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Denote € := |y — x|+ 0, & :== —2—, and a := L

Denote 1) := ¢¢ .
=92 (2)-

Now observe that by definition, our new test function

a7z a Y-z
P(z) = () ¢(€,>7 a—ma

so let’s examine the support of ¥: supp® C B..4(0), if supp¢p C B;1(0). Note that

! — _ly=x| s _
elal =55+ s = b

We can also rephrase the condition of ||¢||cr <1 as just giving a factor of ||¢||cr in the
inequality in the hypothesis of the theorem.

We can now argue that

[(u = F)(6))] = |(u = Fy) (45))]
< ce’|[¢ller
On the other hand, ||¢[|cr < (¢/)~(4+"). Hence,
5 5 —d—r
— < _ 0
= FOI < clly ol + 0 (=)
=6 " (|ly — x| +8)"7,

where 7 = d 4 r, as desired. O

15.2 Uniform bounds on germs

We now address the following question: Assume that

0 7sup sup (u— Fx)(ﬁbg) <c
zEK ||¢]lor<1

for 6 € (0,1].

Proposition 15.2. Suppose F = (F, : x € R?%) is a (—,)-coherent germ with respect to
$.5 Then there exists n = nx such that |Fy(¢2)| < 07" uniformly in a compact set K and
uniformly for § € [0,1].

SLater, we will see that coherence with respect to 1 ¢ implies coherence with respect to other functions.
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The important part is that we can choose 1 independent of x.

Proof. Fix a € K, and observe that

|Fa(62)] < collétler < exd™ " ldller

for ¢ such that supp ¢ is in some compact set. This is the case if 6 € (0,1] and z € K.
We now use the coherence to assert that for x € K,

[Fu(82)] < |(Fo = Fo)(93)] + [Fa(6))]
< e (|la— | +0)TT 4 s
——

diam K

We are done if we choose n = max{r,d + r}. O

15.3 Preparation for proving the reconstruction theorem

We now focus on the proof of the reconstruction theorem of Hairer.” As a preparation, we
start with a test function ¢ with [ ¢ # 0 and switch to a new test function ¢ so that

/g/g:/qﬁ, but/qAS(x)de:U:O for 0<|r|<l—1.

In fact, what we have in mind is
- x
n i A —d
= i Z’ = )\ (*) .
) ZE:O cid ¢ () 0] 3

In other words, given distinct positive Ag, ..., Ar—1, we can find cy,...,+1 such that for $
defined this way, the integral conditions hold. Indeed,

"Hairer’s original proof used wavelets, which we will not use.
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So we need

1 1 co
Zf;é ci=1, Ao A c1
{Zf:éci)\;" forr=1,...,0—1, o : : : B
AT X Leen
A

In fact, there is an explicit formula for A~!, and the answer is

by
CZ:H)\]_j)\Z

J#

Note that we may choose the A;s small enough so that supp ngb C B(0,1/2).
Out of this ¢, we now build another test function of the form

G-

We will use this to prove the reconstruction theorem next time.

o4



16 Proof of Hairer’s Reconstruction Theorem

16.1 Motivation for multiresolution analysis
We wish to show the following reconstruction theorem of Martin Hairer:

Theorem 16.1. If F' is a y-coherent germ, then there exists a distribution T such that

(T = Foo)| S 67, v #0.
This is uniform for 6 € (0,1], z € K, supp ¢ C B1(0), |l¢llcr < 1.

Last time, we showed that T is unique if v > 0. However, if v < 0, then we can add a
distribution S to T', provided that

(S, )| S 67,

which means S € C7.

To give an idea about the strategy of the proof, we first discuss Hairer’s original proof
that uses wavelet expansion. In fact, the proof we presented for d = 1 uses the wavelet
Ljo,1), i-e. the Haar basis. Recall that if f € C%, g € CB, then

t
/ £ d6 = (f¢)(1},.)
s S~~~

T
A FED(g(tR) — ()

thels,t]

= 3 S (L)

tels,t]

= > Fp(lpmm )

trels,t]

And we have shown that this converges if o + > 1. For our extension, we replace 1,
with ¢ € D, and the Haar basis may be replaced with a basis using a multiresolution
analysis (MRA) of Mallat.

16.2 Multiresolution analysis

Here is a quick review of MRA:

Definition 16.1. We say ¢ € L*(R) is a scaling function or a (father) wavelet® if the
following conditions are true: First, let ¢?(z) = 27/24(2"(x — a)), where n € Z, a € 27"Z
so that ||¢%||z2 = ||¢]| 2. Also set V,, = span{¢!! : a € A,, = 27 "Z}.

8There are also mother wavelets.
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(i) Vi € V41 (it suffices to have Vy C Vi)

(ii) {¢(- — k) : k € Z} is an orthonormal basis for V{ (hence {¢} : a € A,} is an

orthonormal basis for V,)
(ii)) L2®) = U, Vr.

Example 16.1. We can take, for example, ¢ = 1y 1; to get functions of the form ¢y =
]]‘[t?,t?_'_l]' AISO, ‘/b — {¢( - k;) . k S Z}

Remark 16.1. It can be proved that there is no such ¢ which is smooth and has compact
support. However, if we only require that ¢ has a certain number of derivatives, it is
possible to construct one.

Remark 16.2. We may find W,, such that V,,;1 = V,, @ W,, (W, is the orthogonal com-
plement of V, inside V;,11).

Proposition 16.1. There exists 1 such that if Y7 (x) = 22 (2"(z — a)), then
Wy, = span{¢] : a € A, }.
This 1 is called the (mother) wavelet.

Remark 16.3. In fact, it suffices to find ¥ € Vi so that ¢ is orthogonal to the integer
translates of ¢, and Wy = span{¢)(- — k) : k € Z}. Indeed,

Vo CWV < ¢(z) = \/§Z ar$(2z — r) for coefficients a,.,
rez

And v is simply given by

Y(@) = V2 bd(2r—7), b= (-1)a1 .

TEL
Example 16.2. When ¢ = 1y}, we may take to be 1 on [0,1/2] and -1 on [-1/2,0).
Here is the proof of ¢ L Vj:
Proof. Observe that

Po(z) = d(z — {)
=> a(V2¢(2z — 20 — 1))

= \/iz ar—2e(2x — 7).
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Hence,

Denote 1 —s=1r —2¢

= - Z alfs(_l)sas—%v
s

which implies that (¢, ¢¢) = 0. O
Theorem 16.2 (Ingrid Daubechies). For every k, there exists a scaling function ¢ € CF
of compact support. Moreover, any polynomial of degree k is in V.

16.3 Strategy of Hairer’s proof of the reconstruction theorem

Assuming this theorem of Daubechies, we are now ready to describe Hairer’s strategy for
the proof. Again, we wish to find a distribution 7" such that (T' — F,, gpg> < §7. Here, is
the recipe for constructing 7: When v > 0, T' = lim,,_o T}, (this means for every ¢ € D,
T(¢) = limy 00 Ty (¥) = limy,—yo0 [ T (2)9(2) dz), where

Tn(x) = Z (Fa, dy) by ().

aEAn

How about v < 07 In this case, the convergence fails. Recall that if n > 0,
Vn:anl@anl :Vn72@Wn71@Wn72:"' :‘/O@WO@Wl@@anl

Hence, L? = Vy & @52, Wy, or more generally,

[ee]
=V @ € Win.
So for any u,

u= > (u,¢} ¢Q+ZZ u, YRR

a€ENp, n=machn,

Our candidate for T is

T= % (Fu¢y) ¢>m+2 > (Fa v

a€ENy, n=ma€lAy,
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16.4 Proof of the reconstruction theorem without wavelet expansions

We now present a proof that does not use wavelet expansions. We achieve this by using a
suitable p € D. If we choose p correctly, then

T, = Fu(p0),  where gl(y) = 2"p(2"(z — y)) = p2 " ().

For v > 0, the limit lim,, T}, will exist, but for v < 0, we will throw away a “bad term”
which will not matter. We will finish the explanation next time.
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17 Proof of Hairer’s Reconstruction Theorem Without Us-
ing Wavelets

17.1 Scaling and translation of convolutions
Given a 7-coherent germ (F : z € R?), we wish to find a distribution 7" such that
<T_ an‘pg> rg 677
locally uniformly in . Recall that coherence means
(Fr = Fyyop) S8 (| =y +6)7,

locally uniformly in z,y. If it is also uniform in ¢ with ||¢|lcr < 1 and supp ¢ C B;(0),
then we can find 8 > 0 such that

(Fo, ) S 077,

locally uniformly.

We now give a proof of the existence of T' using a single test function ¢ with [ ¢ # 0.
Here is the strategy for constructing our 7. We choose a suitable p € D with [ p =1 and
define pt = p2 " = 29 p(27(2 — y)) (recall that 15 (y) := 6~ 4p(L52)). We will construct
p that can be represented as p = ¥ * ¢ for suitable test function ¥ and ¢ that will be
determined later. But for now, let us make some observations.

Proposition 17.1.
(Px @)’ =% .
Proof.

Proposition 17.2.

Proof.



17.2 Construction of 7" as a limit

In fact, for a carefully selected p, we set

T(x) = Fy(ph), T = lim T,,

n—oo

where this limit means T'(¢) = limy o [ T (2)¢(z)dz. For v > 0, we show that the
limit does exist and satisfies our requirement. For v < 0, we need to first get rid of some
diverging terms. Again, our p takes the form p = ¢ * ¢ (with ¥ and ¢ to be picked later).
To prove our convergence, write

o
T=Tw=Ti+) (Tus1—Tn)

n=1

and show that [(Th,11 — Ty, )| < 27" for some o > 0. Indeed,

Toy1(x) — To(z) = Fz(ﬁ?“ - 0y)
= Fy(my),

where m = p'/2(y) — p(y) = 2%p(2y) — p(y). Observe that since p = 1 * ¢, then
m=p"?—p=9 ! —yxop.
If we chose ¢ = ¢?, then

/2 @1/2

m=p*xp? —p*xp=px*(p'/? - p?) = px&

Our goal is bounding F(m}). By our propositions,
maa) = B ([ edraz)

- / Fy (@8 (2) d
== An + Bna

where
A= / FA0ME () dz, By = / (Fy — F)(§1)E0(2) dz.
Given & € D,

(An. () = / / F(0M)E ()¢ () d= da
~ [R@EE + 9@ dx
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Recall that & = ¢!/2 — 2. Tmagine that ¢ satisfies [ =1, [pa” dz = 0 for 0 < |r| < L.
Hence, [&x" dz =0 for 0 < |r| < ¢. For such ¢, we can assert

§n+C /5” x—z dz—/gn IL‘—Z ) ( )) dz_0(2—n(€+1))’
=0(lz— Zl‘“’l)
where Pf (z) is the Taylor expansion up to degree ¢ at x. Thus,
(An, Q)| S 2mF~E71),

which is exponentially small if ¢ is sufficiently large. In summary, we have A = A, =
Ay 4307 [ (Apg1 — Ap) converges as a distribution.
We now turn to the B,ys; this is the one that only converges is v > 0. Observe that

Bn,<|—\//F ~ B)@E(2) de( () de

Since |z — z| and § are both of order 27",
<97

which is exponentially small if v > 0.
In summary, the limit exists, and we have our candidate for 7. It remains to verify
that
(T = F,, () S 67,

locally uniformly. To prove this, observe that since p = ¢ * ¢, we can write
T(z)= nlgrolo T (x)
—nNn

= lim Fo(p*9 ),

= lim F,@dn(y) dy

= lim F(Z)00 () dy
Also,

Fol&) = lim Fo((& % $")())
n—oo

= lim F, ( / EHAC) dy)

= im [ F(@)E) dy

We will complete the proof next time.
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18 Proving the Bounds in Hairer’s Reconstruction Theorem

18.1 Recap: Constructing a candidate in Hairer’s reconstruction theo-
rem

Theorem 18.1 (Hairer’s reconstruction theorem). Let F' be «y-coherent. Then there exists
a distribution T = R(F') such that

o v #0,

B 5
( zan(zz)g,;)us{logé I

Here, the bound is uniform over x € K, § € (0,1], ¥ € D with ||¢]cr < 1.

We want to think of T as the value of some continuous operator R. So far, we have
a candidate for T" when v > 0. Here is an overview of what we have seen so far. We
start from ¢ € D such that [¢ = 1 and [ pzFdx = 0 for 0 < |k| < r. From this ¢, we
constructed a suitable test function p of the form p = ¢ with n = 2 and p*/2 —p = Cx,
where ¢ = /2 — 2. Recall that

(z) =0"%(x/6),  W(z)=0"%((x—a)/d),  va(z)=p(z—a).

Observe that since [ ¢ = 0, we have [(Pdz = 0 for any polynomial P of degree at most
r—1.
Here is the idea behind the construction of T": Indeed if we define convolution by

(T *¢)(X) =T(da),  &(2) = d(—2),

and if [ ¢ = 1, it can be shown that lims_,0 7 * ¢° = T. Recall that p%(y) = 29"p(2"(y —
r)) = p2 " (y), and since
lim T(7") =T,

n—o0

from this we guess tat a good approximation for T satisfying the theorem is simply
Tn(z) = Fo(PY)-

Last time, we showed that indeed T),(x) converges when v > 0, where convergence means
that for any ¥ € D, lim, (T, (), ¢) exists. The very form of p allows us to have the following

representation:
n—1

To =T+ Y (Tis1 — Tp),
k=1

where
ﬂw@*¢%@=ﬂ@®=/%@mﬂw@, m = p'/? —p.
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We can write this as

Ty (1) — Tu(z) = / (F, — F)(@9E () dy + / Fy (@53 (y) dy

By, Ay

Last time, we showed that ), Aj converges no matter v is. However, the bound for
the second term is |By| < 277 so for By, we get a pointwise bound that would imply
the pointwise convergence only when v > 0. In fact, when v < 0, our candidate for T is
limy, oo T4 + 302t A = T1 + S50 Ay

18.2 Proof of the bounds in the reconstruction theorem

We now try to prove that (T'— F,)(¢0) < 67. Here, a is fixed. We first focus on the case of
v < 0. Again, our T is the limit of S,, = T} + ZZ;% Ag. To compare this with Fj,, observe
that

F, = lim F,(5").

n—oo

That is,

In the same manner, we may write

Fu=Gi+) (Gry1—Gr),  Gir(z) := Fu(p}).

k=1
Also, we may find
n—1
Lo(2) = Gi(x) + Y (Grir(@) — Gi(2)),
k=1

so that lim, . I';, = F,. We wish to compare I';, to S,, =11 + 22;11 Aj.. Observe that

Cr(z) = Gry1(z) — Gi(z)
= Fa(ﬁgﬂ - /5];)

= F,(m})
- / Fu(35)CH (y) dy.
We wish to estimate

(An() — Cla), 08| = \ [ tR = @) dy i do
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=| [ - B it )
S [ 27y = al + 277 ) W) dy
As a warmup, observe that we have the bound
< 2(§ 27T g < 28T (6 4+ 27F ) TC | [l o

Hence, if v < 0,

S =Gl s S 2

k:2—k>6 k:2—k>6

= >y 2™

k<[log ]

) |logd| v=0
e lesdl =57 4 <0,

Next, we concentrate on > ;o4 |(Ar — Ck,13)|. To control this, we need a better

estimate on (C*%1%)(y), which has a support contained in B, (275+9). Recall that [ (P = 0
for any polynomial P of degree < r. Now

/ B ()4l () d = / () (WE(x) — Py()) d,

where P,(z) is the Taylor polynomial of wg at y of degree r — 1. Hence,

] [ Wi i

< / ly — 2l 2l 185 (9) de

S 20 lor
< 27 o

Hence,
Ay — Cka O\ < 2kT 5+ 2—k+1 'y+7'2—k7“5—d—1“ 2—k +6 d
a ~
—_———
volume of By (27F 4 )
Thus,

> A= Crud S > 2R

k:2—k<§ k:2—k<6
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Provided r > 7, we get
< 5r7757+77r

=4".

This completes the proof when v < 0.
How about when v > 07 We already know that the tail

> KAk = Crvd)] S 67
k:2—k<§

We now argue that

> (Be ) <67

k:2—k<§

when «v > 0. Observe that

(B )] = \ [~ R E W dy it i

< ‘/ 27 (| — y| + 27 (y) dy 0 (x) do
< 278l ga ol -

Hence,

ST IBRYNIS Y 2 <.

k:2—k<6 k:2—k <6
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19 Finishing Hairer’s Reconstruction Theorem and Intro-
duction to Regularity Structures

19.1 Finishing the proof of Hairer’s reconstruction theorem

We have been proving the following theorem.

Theorem 19.1 (Hairer’s reconstruction theorem). If G is y-coherent, then there is a
distribution T such that

o7 v #0

_ 0y <
(T Fxxwx)\w{“ogé, Lo

Proof. Last time, we proved this when v < 0. The proof we offered last time would yield
the following estimate for v > 0: Recall that

o
T=1lim T, Ty =F@), T=T+> (Ti1—Th),

n—oo
k=1
o0
k=1
Last time, we proved that
Y W(Tert = Th) = (Grer = Gu), ) S677, 4 >0
k:2—k<§

It remains to show
|<Tn - Gnv"/’i” 5 577

provided that 6 ~ 27", or more specifically, 27" < § < 27"+1. Observe that
To(y) — Gu(y) = (Fy — Fo)(Pp),  p=¢xn, n=¢"

Hence,

(T, — G)(y) = / (Fy — F) (@ (2) dz
Now

(=Gl = [[ (5= F) @0 dyds
(S ——
Fy—Fo+F,—Fp

Using the coherence,

S //[2”7(\@/ — 2|+ 27T £ 2 (Jo — 2| + 2°) |7 (2) 45 ()| dy dz

2—n 2—7

S 27l bl e

We are done. 0
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19.2 Remarks about the reconstruction theorem

Remark 19.1. The way we constructed T = lim, o Fr(p]!)) = R(F) is linear in F.
Moreover, if we define

(Fr — F))(¢5)
K, = Ssup sup

F )
”| H zyek 6e(0.1] 6—T(|x _ y| + 5)7-1-7'

where 7 and v depend on the compact set K, then
(T = E) (9| < [I1FIl|67
uniformly over ¢ € D,, x € K, § € (0,1], where

D, ={Y €D: |¢|lcr <1,suppy C B1(0)}.

Remark 19.2. As an example, take f € C*(R%), g € C#(R?), o, € (0,1), and set
F, = f(2)Vg. Observe that if g € C?, then Vg € C#~1(R%). By C™(RY) with 7 < 0, we
mean this: First, pick » = r(7) to be the smallest positive integer r such that —7 < r ( or
7 > —r). Define
()]

or

[T]icr = sup sup
6€(0,1) p€Dr

Cioc :=1T : [Tk < oo for every K}.
Then g € CP — Vge (P
Now
(Fe = F))(¢3) = (f(x) = F()Vg(¥)
= —(f(@) = f(1)9(V¢})
=67 (f(=) = F(¥)a((V))).

Since we are dealing with Vg, we can replace g by g—¢g(z) (subtracting a constant). Hence,
if |x —y| < 1, then

(Fy — Fy)(©2)| £ 07 fllz — y|*[g]56”
< [flalglpd ™ (| — y| + 6)*+7
= [flalglgd " (lz — y| + 6)"*,

where v = a+ f — 1. Thus, F is (—1,7)-coherent.
Use the theorem to assert that there exists some operator I'( f, g) = R(F’) such that

(C(f.9) = F(@)V) (W) S [flalgls0”-
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Note that since R is linear in F', I" is bilinear and continuous in (f, g). In fact, I'(f, g) is
unique if v > 0. On the other hand, if f,g € C!, then T(y) = f(y)Vg(y) also satisfies the
above inequality. By uniqueness, I'(f, g) = fVg for f, g smooth. The same comment does
not apply to the case of v < 0.

Remark 19.3. Our result can be extended to Besov spaces %, ,. Roughly, in %], we
replace the uniform norm in 2 with L norm and uniform in 6 € (0, 1) with L9(% d6).
19.3 Introduction to regularity structures

For our purposes, we often have various terms in our PDE that involve a local description
of various different exponents. To do this in a systematic way, we introduce the theory of
regularity structures. Here is the set-up.

(i) There is a discrete set A C R that is bounded below. Roughly, each « in A represents
terms that are in C® in our PDE. We always assume 0 € A.

(ii) For each «, we have a Banach space T, with norm || -[|. For Ty = R = span(1). Fpr
To = R = span(2) = (1),.

(iii) We also consider a group G of linear, continuous transformations I' : T — T where
T =@ ,eca Ta- Moreover, we assume 7 € Ty, I'1 — 7 € Dy, Tp-

(i)-(iii) yields a structure (A, T, G).
We need a model to turn this abstract stuff into real stuff: (7, Iy, 2,y € R%). Here,
Tz is a bounded, linear map from 7" — D’ with each Iy, € G satisfying

Tol'y yT = myT.

In short,
Telgy = my.

Example 19.1 (e?*7,v € (0,1)). Letd =1, A = {0,1,2}, Ty = (1), T} = (X), Th = (X?).
Then T = {7 = col + 1 X + c2X? : cg,c1,c2 € R}, and

G ={Ty:heR}, wherel',7 = (coll + (X + h1)? + co(X + h1)?).
Then

Iy — 7 = c1hl + 2¢9h X + coh?1
= (c1h + c2h?)1 + 2¢2h X
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20 Regularity Structures

20.1 Regularity structures and their relation to coherence

We have proved the reconstruction theorem, which says that if you have some local reg-
ularity, i.e. coherence, then you can construct a distribution which serves as a local ap-
proximation. Last time, we discussed the regularity structure, a bookkeeping device for
discussing obstructions we deal with in a PDE: Namely, we have a discrete A C R with
0 € A and min A > —oo (the members of this set represent the homogeneity and hence
regularity of various terms you have to deal with). We have a Banach space T'= @, c 4, T}
with Banach spaces T}, with || - ||;; we are mostly interested in when A is a finite set and
T, are Euclidean spaces. We always assume Ty = R; the dimension of these spaces will be
the number of beasts of that type you have to deal with.

If we have a Taylor expansion at a point x we can re-expand to turn it into a Taylor
expansion at a point y. We express this idea in this setting by a group G of linear,
continuous transformations I' : T — T'. Moreover, for 7 € T,., I't — 7 € @, _, Ts. We also

write
113'216{9227 Tér :3€£>12.

s<r s<r

Definition 20.1. Let £(T) = L(T;D’) be the set of linear, continuous maps L : T — D’.
We say M = (II,T") is a model for (A,T,G) if I : R — £(T) and T : R? x RY — G with
the following properties (denoting II, = II(z),I';, = I'(z,y)):

1 Im =yl y7
2. Tyyly. =Tq.

3. If r € T,, then
1L, 7 905
S S S ’( 4 )( x”

< 00
5€(0,1] 9€Dr z€K [l PR 7

where K is a compact set, and D, = {¢ € D : suppy C B1(0), |¢llcr < 1}, where r
is the smallest integer that is more than — min A.

4. |Taytlls < lo = y1*P|I7la-

IT turns an abstract symbol into a distribution in a way that respects all this linear
structure.

Definition 20.2. Next, we define C}; to be the set of functions f : R? — T~ such that

1) = Loy fW)lla S |z -y

for a < 7.
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Hence, we may define the norm

fla=sup sup 1@ = Toul Wl
«a a<y z£yeK |x — y|’7—a

Theorem 20.1. For every v, there exists an operator R : CX/[ — D' which is linear and
continuous and which satisfies

07 v #0

1
!WM—HJ@M%NSLbMIVZQ

uniformly for ¢ € D,,6 € (0,1],z € K.
Proof. To simplify the notation, we write f, = f(x) and II, = II(xz). Now define F, =
. (f;). We can achieve the desired result if we can show that the germ (F, : z € R?) is
~v-coherent. Indeed,
|(Fo = Fy) ()] = (Mo fz — Ly fy) ()]
= |y fo — er%yfy)(%"g)‘
= Mz (fe — Fx,yfy)(@i)‘

Recall that f : R? — Do Lo, s0 | fo = Tayfyll < |z —y[7™%. Here, Po7 means the
a-component of 7, i.e. 7 =73 A (PaT).

H Po(fe — Fm,yfy)(@g)

)

a<ly

S 8 e = Tagyfylla

a<y

<D eyl

a<ry

S Z 5a+r|x _ y|'y—a

a<y

=Y+ e =y

a<ly
SO0+ [z —y) ",

H Z Po(fo — Fr,yfy)(%g)

T a<ly

which is exactly the definition of coherence.” O

9Professor Rezakhanlou described this as a “one-line proof.”
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20.2 An example: Taylor series

Example 20.1. Assume A = {0,1,2,...}, and let T = R[X,..., X ] be the space of
polynomials of variables X1, ..., X, with real coefficients. Again, we use X* = X{“ x -ng,
where k = (ki,...,kq) € N and |k| = k1 + --- + kg. Now T} is the set of homogeneous
polynomials of degree r, span({X* : |k| = r}) = (X* : |k| = r), and T, is the set of

polynomials of degree < r. (By S = (r',...,7¢ll), we mean S = span(7',...7%) and

71, ..., 7" are linearly independent.)

Next, G = {T', : h € R?}. Formally,
I'L(P(X)) = P(X + hl).
For example, (X + hl1)* = H?Zl(XZ- + h1)"™, using the convention that X;1 = 1X; = Xj.

If deg P = r, then deg(T'y, P — P) < r.
We now define a model for this:

II,(P(X))(z) = P(x — a).
Observe that
(M4, 60) = [ (44 @)l @)

- [t

= ( / P(z)p(x) da:) 51"

Next, we discuss C}, with v = n + 7y, where n € N and 7y € (0,1). Let f € C],. Then
flx) =, c(z)XF € @, T; is a polynomial of degree n. We claim that we must have

Use a change of variables.

that ¢, = %8’“00 with ¢g € C7 and ¢ must be Holder of exponent vy when |k| = n.

This is the same flavor as in the Whitney extension theorem. First, we have the Tietze
extension theorem. If we have a closed subset of a decent topological space, we can extend
a continuous function on the closed subset to the whole set without increasing the norm of
it. The Whitney extension theorem achieves this with derivatives by assigning polynomials
to each point and showing that they must be related via Taylor expansion.
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21 Two Examples of Regularity Structures

We discuss two models for our theory before treating our ill-posed PDEs.

21.1 Finite Taylor Polynomials

Example 21.1. Let A =N, T = R[X1,..., Xg4], with 7, = (X* : |[k| = ), and || - ||, the
standard Euclidean norm. Recall that I'y, = I'y_,, with I',(P(X)) = P(X + hl). For our
model, (II,(P(X)))(z) = P(x — a). This gives the model M = (II,I'). We now specify
Cl={f R =D, Tr | [ f(2) = Tay fW)llr < lz =97}

We claim that for any v > 0, C}, is isomorphic to C7 (RY). Let us assume that v = n+p
with n € N and v € (0,1). Then f € C}, means that f(x) is a polynomial of degree at
most 1 i.e. f(z) =Dk k1<n ap(z)X*, with (setting h = 2 — y so that 2 = y + h)

S aly+nX — 3 ar@)(X a0 SR

k:|k|<n k:|k|<n .

For example, if r = n,

> law(y +h) — ar(y)] < R,
k:k|<n

which means that when |k| = n, ax(y) is 7o-Ho6lder. More generally,

S faetu+ 1= 3 (3 )antant| S 1

[e|=r k:k>0
[k|<n

To ease the notation, assume d = 1 and » = n — 1. Then we get

|an—1(y + h) = an-1(y) — nan(y)h| S [p°F
Divide by h and send h — 0 to arrive at: a,_1 is differentiable, and d%an_l = na,.
Inductively, we can show that

arly) = 130 a(y).

In summary,

f(z) = Z ak(:c)Xk € CX;Jrh < ap € CV(Rd), f(z) = Taylor expansion of degn of ay.
|k|<n
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Remark 21.1 (Whitney expansion). Imagine that a closed set K C R? is given and we
assign a polynomial f(x) as above to each x € K. If for z € K the bound

> arly+ )X = Y ay)(X + R0 SR

k:|k|<n k:|k|<n .

holds, then f(x) can serve as a candidate for the Taylor expansion of a suitable function
ap : R? = R such that for € K, f(z) is indeed its Taylor expansion.
21.2 The Gubinelli derivative

Example 21.2. Pick o € (1/3,1/2), and choose A = {a—1,2a—1,0,a}. Note that r = 1,
i.e. the integer —1 is the best lower bound for A. We define

T0:<1>7 Ta:<X17X27"'aX€>7

Ta—l = (Xl,XQ, e ,Xg>, Tga_l = <Xi’j 01 < i,j < €>,

so T = @5@1 T has dimT = (¢ + 1)2. Here, these are all just formal symbols, but we
have written the notation to be suggestive. Next, G = {I';, : h € R} with

'yl =1, I'nX =X+ hl,
FhX:X, FhX:X+h®X.

Next, we define a model. Given a rough path x = (z,X) € Zu.2q, i.e. : [0,T] — R,
X(s,t) € R®**  and Chen'’s relation. We build a model as follows:

(IIs1)(¢) =1, (I1s.X5) () = (s, t) = zi(t) — xi(s),

(LX) ) = (@) = - / D(t)ai(t) dt,
€D

(T,X09) () = (X0 (s, ) () = — / BH)XP (s, ) db.

Next, we have
Fs,s’ = Fat(s',s)'

We need to verify a number of things:

o (L, 02) = [((z(t) — z(s))p(=2) 1 < 6, which follows from z € C©.

s
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e Similarly,

(Is(X) () = — / %(ps(t)X(s,t) dt = —< | G(0)X(s, s + 00) do.

Hence,
(T,X) (92)] S X206 pllcn-

e Next, we need to check Iy = ILI'; . Indeed,

(I, (1) = — / BOX(s, ) di

(LT 5,9 X) (10 /w )+ (s’ s) @a(t))dt

Since v is of 0 average,

= /1/) X(s,t) + x(s',5) @ x(s,t)) dt

= /zp X(s,t) + X(s',8) + x(s',8) @ x(s,t)) dt

= /w(t)x s t)dt

Next, we examine Cjz\?. Assume Y € CJQV? is of the form
Y(t) = y(H)1 + §(t) - X.

We claim that T € C2¢ if and only if y = (y,7) € %a2a(x) (i-e. § is a Gubinelli derivative
of y). Indeed,

By Chen’s relation,

as desired.

1Y (t) = Lo Y () St =227
This is
ly(®)1 +5(t) - X = ()L +G(#) - (X + 2, )| S [t =t
Choose r = . Then
9(t) =) S It -1,
i.e. y € C*. Next, choose r = 0. We get
ly(t) —y(t) =gt )(, )] S 1t -t

Imagine that we want to make sense of y - dx. This should really be the realization of
Y - X. We will give a candidate for the abstract multiplication and recover our previous
results using the reconstruction theorem.
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22 Applying Regularity Structures to Rough Path Theory
and Singular PDEs

22.1 Recovering a previous theorem as an application of the reconstruc-
tion theorem

For our rough path theory, we choose A = {a —1,2cc — 1,0, } with o € (1/3,1/2). Here,
T, = (X1,.. ) where we think of X = (X1,..., Xy) as an abstract candidate for the
path z(-) € ca Too1 = (X1,...,Xg), and Taa—1 = (X% : 1 < i,j < £. We think of
X = [X#/] = X ® X. From this, we have

[, X = X + hl, X =X, I(XoX)=XoX+hoX.

Recall that f : R? — Do, Ta € C); means ||f(s) — Taf(®)|la S s —t77 So if we
decrease the index, the regularity required would be rougher. Last time, we argued that if
Y(t) = y(t)1 + (t) - X € C3%, then the pair y(t) = (y(t),7(t)) € 9%(z), i.e

9(t) —g(s) S 1t =l ly(t) —y(s) = Gls)a(s, )] < [t — s

Now we want to examine another algebraic manipulation in our abstract setting, namely
we wish to make sense of ¥ - X, which we want to think of as (y14+7X)-X = yX +X®X.
Because of this, consider

(Y- X)(t) = yX +gX.

Proposition 22.1. (y,7) € 9%(x) if and only if Y - X € C%j“_l.
Proof.
(V- X)(s) = Tou(V - X)(8) = (y(s)X +§()X) = (y(O)X + GOX + (s)(t, 5) X)
= (y(s) —y(t) — Y(s)a(t, )X + (Gls) — y(£))X
For the first coefficient, we want the estimate
ly(s) —y(t) = Gls)z(t — )| S [t = s/~ = [t — s>

This is exactly the estimate for the Gubinelli derivative. Similarly, we want

[(s) = g() S It — s~ = |t — |,
This gives the equivalence. O

Now we wish to apply our reconstruction theorem to Y - X. More precisely, there exists
some operator J3? "' on C3¢ ! such that W := J32 (Y - X) satisfies

(W =T (y(t) X + +5(6)X)) ()] < 6% L.
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Equivalently,

W (@) — (y(D)& + GOXe(E, ) ()] S 6%
This is indeed the first theorem we proved in this class, namely given y = (y,y) € ¥%*(zx)
and x = (2, X) € Zq 24, there exists z € C* such that

|2(s) = 2(8) = y(t)(a(s) — 2(t) = GOX(E, 5)| S [t = s]**7

with 2 =W.
To derive this theorem from estimate above it, we need to allow a v that is of the form
Y(t) = Ljo,(t) sot that Po(s) = %1[t7t+5](s). This can be achieved by writing

Lioa) = Z%z + ()

where v, ¢, are smooth with compact support, supp ¢, C [0,27"], and supp ¢, C [1 —
92— 1].

22.2 Applying regularity structure theory to understand a singular PDE

We now turn our attention to one of our singular PDE, say the KPZ equation

hy =hge +hE4+ €~ C
h(z,0) = ho(x)7

where ¢ is white noise. As we argued before, if £&5 = £ %, x with x°(z) = % (%), then the
corresponding PDE
hi = hgp + (h3)" + € —

is well-posed, and lim._, h® exists only if C. ~ C/e, where C' = % / x? (a theorem due to
Martin Hairer).

To achieve this, we first build an abstract version of our PDE and usr it to have an
abstract solution that is continuous with respect to its input (which in cludes a well-selected
version of ¢). Indeed, if we write P for the operator/kernel (9; — 02)~!, then

h=Px(h:+&—C)+Pxh’=F(h).
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Then we would make sense of F in a suitable way, show that F has a fixed point, and this
would be our candidate for the solution. For this, we need some preparations.

Definition 22.1. Given a regularity structure (A,7T,G), we say V C T is a sector if
V = @,ca Va with subspaces V,, € Ty, and G(V) C V.

Definition 22.2. If £ = Z\k\:r a0 is a differential operator, we say L:V T repre-
sents L if the following conditions hold:

o If 7 € V,, then = Tor.
. EFh = FhE.
o II,L7 = L(I,7T).

We can also talk about products. In other words, we want to be able to multiply
fece and g e Cl toget foge i’
Recall that i we have a distribution F', then we can talk about

FxK = /F(y)K(:v —y)dy = F(y)K(y —z)dy = /F(y)ffx(y) dy,

where K (y) = K (—y), which suggests that we should define
(F+ K)(p) := F(K * ).

For our purposes, we need to examine the regularity of F'x K. A Schauder-type estimate
allows us to show that if K is singular at 0 with singularity of the form |z|®~¢, then

Fe(' — FxKe(l'™,

Here is the precise statement:

Theorem 22.1. Assume that K : R¢ — R with the following conditions:
1. supp K C By(0)
2. K € C® (this can be relazed), and |0'K (z)| < colz|*= 19 for all x.

Then
Fel = FxKe(™™

for all v € R, though for v € Z, we need to replace the Holder spaces with Holder-Zygmund
spaces.
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For the proof, we need a suitable candidate for function spaces that are equivalent to
Holder spaces (and its variant would yield Besov spaces), except when v € Z. For v < 0,
we have already discussed this; if r is the smallest integer such that r 4+ > 0, then define

5
[u]y,xk = sup sup sup [u(ee)]
z€K a€(0,1] €Dy o

where D, = {¢: ||¢]ler < 1,suppe C B1(0)}, and let
Cpho ={u: [u]y,x < oo for all compact K}.
As for v > 0 with v =n + v and n € N, define

o
[uly,x = sup sup sup M,
z€K ae(0,1] peDn 07
where D" is the set of ¢ € D such that [@P(z)dz = 0 for all polynomials P with
deg P < n. It requires proof to show that when 7 # Z, then these equivalent to the Holder
norms.
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23 Norms and Schauder Estimates for Holder-Zygmund Spaces

23.1 Equivalence of definitions of Holder-Zygmund spaces

Recall that for our function spaces, we are using Holder (or rather Holder-Zygmund) spaces,
and one of the simplest regularity estimates that are available for elliptic/parabolic PDE
are the Schauder-type estimattes. For example, if K is smooth off of 0, with

1. supp K C B1(0)
2. |0"K (a)] S ||~
our Schauder estimates assert that
weClC* = Kxue(l*h.

Recall that for o < 0, C* consists of u € D’ such that

5
[u]a,x = sup sup sup |u(ff)|
2€K §€(0,1] €D, O

< 00 for every compact K,

where D, is the set ¢ € D with suppy C B;1(0) and ||¢||cr < 1. Here, 7 is the smallest
integer such that r + a > 0. As for « = n+ ap with n € N and o € (0,1), C* consists
of functions u such that 0%u exists for |k| < n, and 9*u € C®, the Holder continuous
functions of exponent ay.

We now define

[u]o,k = sup sup sup < 00 for every compact K,

v€K 6€(0,1] pepm 0%

where now D™ is the set of ¢ € D such that supp ¢ C B1(0), [|¢|lr= < 1, and [P =0

~

for every polynomial P of degree at most n. Let us write C® for the set of distributions u
for which [u]q,x < oo for every compact K.

Proposition 23.1. Co = C%, and they are isomorphic.

Proof. C* C ce by Taylor expansion. For the converse, assume that u € 5“, and pick
p € D with [ p=1. Recall that u = lim._,o u * p° and that u * p° is a smooth function for
each €. Then using a telescoping sum, we can write

o0

w—u(pl) =D (u(pd ") —u(p? "))

n=0

=3 (") —u(p? ")
n=0
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iu 1/2 P2 ”5).
n=0

Let us first assume that n = 0, i.e. a € (0,10, so that p*/2 — p € C(9). This would allow us
to assert that

[u((p'? = p)7 ") S (2776)".

This, in particular, implies that the above sum is uniformly convergent, so u must be a
function. On the other hand, this estimate implies that

jul) — u(pl)] < 5°.
Finally,
u(x) — uly) S 0%+ |u(p)) — u(p))|
= 5% + [u(ph — p))I-
Observe that
é 8 8
(p - ptl)x = Pz — Pz+éa-

Hence, if we choose a = 5%, then we get P — pg. So we may select 6 = |z — y| to assert

lu(pd — p))| S 6% = |z —y|™.

Thus,
u(z) —u(y)| < |z —yl%,
as desired.
This completes the proof when n = 0. For higher n, we integrate by parts. For example,
if n =1, then we can show that 0,,u € C* for each i by the previous case. O

23.2 Schauder estimates for Holder-Zygmund spaces

Now we focus on our Schauder estimate. We use a Paley-Littlewood type expansion of
the kernel K but in the space variable. To prepare for this, start with a smooth function
¢ with ¢ = lon (0,1/2] and suppe C [0,1]. Then set ¢(z) — ¢(x/2) — ¢(z), so that
supp ) C [1/2,2].
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Further define ¢, (z) = ¥(2"x). Observe that

D (@) =Y (92" 'e) — p(2"))
n=0 n=0
= 90(2_11:)7

which equals 1 in (0,1]. Observe that supp ), C [27"71, 27", and if we write

K =;(K($)wn(!ﬂfl)) = Y Ku(2)

n=—1
n—1

with Ky, C {z : |z € [27"7,27"} C By-x(0), then by our assumption on K,
Ku(x)] S 27709 08K, ()] 270 =),

More conveniently, we can think of this as

o0
K=Y 2"2"K,),

n=-—1

where the part in the parentheses looks like a Dirac delta. Here, the kernel K is a function
with K € C*°(R%\ {0}), supp C B1(0), |0p K ()| < ||~ 1K,
We can now study u — u * K, where u € C*. We wish to show that u % K € C**P.

(ux K)(E) = * / / u( — y)K (y)€(x) dr dy’

= [ [k - 2)¢(a) dody”
(K =€)

[e.e]

= Z 2 (2K, * £).

n=-—1

We wish to use u € C* to get an estimate for u(2"5[~(n * &), where ¢ = 90 with ¢ that
satisfies certain conditions. For example, if a + 8 < 0, then ¥ € D,; otherwise, we need
some polynomial condition. We wish to use two pieces of information, u € C% and the
bounds on K,. suppé C Bj(a), and supp(2"PK,) C By-n(0), and we have the bounds
€] <6 % and 27K, | < (27™)4, which can be used to assert that supp & x K, C By 9-n(a)

and
[uw(27PK, + &) < (6 +27™).
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We are assuming a + 8 < 0, so

(ux KY€ S (6+27")27

n

- Y+ ¥

n2 "<y n:27n>46
<50 Y 2y 3 pnlerd
2—n<d 27">4
< 58P 4 Z (2—(a+,8))n
nglogz%
< 5a+ﬁ + (2—(a+5))10g2%
= 26975,

as desired.

Next, let us examine the case of o + 8 > 0. In this case, we assume that f YPdr =0,
P is a polynomial, and deg P < a4+ 8. We need to use the latter condition to improve
our second bound (even when o < 0). This can be achieved by subtracting a suitable
polynomial P from 2" K,, because ¢ is orthogonal to such polynomials. We omit the rest
of the details.
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24 Setup for Solving the KPZ Equation

24.1 Kernel of the KPZ equation

Last time, we showed that if u € C%, then u * K € C®T#, where K is a function that has
the following properties:

(i) supp K C B;(0), and K is smooth off of 0.
(i) |OFK (2)] < |2|P~IH.

For example, when K is the kernel of (—A)~! and d > 3, then we have our estimate for
B = 2, except that its kernel c|z|>~? is not of compact support. However, we can express
our kernel as K + K , with K as above and K a smooth function so that u * K is smooth.
Moreover, instead of convolution, we can also integrate againsta kernel K(z,y), and for
our Schauder estimate, we need K to behave smoothly away from the diagonal, and near
the diagonal as above.

For our KPZ equation, we need a Schauder estimate for the operator (9; — A)~!. Its
kernel, K(z,t) := (47rt)_d/26_|$‘2/(4t)]l{t>0} does not look like what we have had so far.
Though we can achieve a similar claim with identical proof, provided that we follow the
parabolic scaling, treating time as 2.

For one thing, we may use the metric

d((z,1), (y,8)) = l(x = y,t = 8)|par = |2 — y| + /|t = 5]

and denote 1
~6 — —
Ply,s) (@, 1) = W‘P(ITya 5,

where the ~ means that we are using parabolic scaling. We can also discuss the size of a
multiindex by

k=(ki,....ka, ka1 ), |Elpar = k1 + -+ + kg + 2kqq1-
~—~—

time variable

With these conventions, we may take a kernel K (z,t) and assume
—(d+2)—|k|par
MK (2, 0)] 5 [(a Ol

Moreover, if a < 0, then C*(R%+!) would consist of distributions F such that

|E()]
[Fla,xk = sup sup sup # < o0
(z,t)eK 6€(0,1] 9€EDy )

In particular, we will have our Schauder estimate for such a kernel K, in the sense that if
u € CY, then K xu € C*tA,
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For example, the bound above holds for the heat kernel K (z,t) = (47t)~%/2¢121*/(41) Lisoy
for B = 2. Here are some details:

121 )2 —d
t_d/2 *(7 ‘x‘ +\[)2 (d+2) _ (‘SL’| +\[> <@ +1) t_d/2.

This is equivalent to
e < (z+1)7% or (z+1)4< e* /4,

Taking % gives

Then we can expand the left hand side to get that

d/2 ‘$|2

t t

\x\)2 (\/i)—d—Q (x

SIE
_l_
—

SN—

T

Then perform induction.

24.2 Regularity considerations for white noise
Return to the KPZ equation

h(z,0) = 1°(z),

which can be written as
h=Kx*h + K * (|he|* + €),

where £ is the white noise. Let us examine the regularity of {. Recall that {(z,t) is
Gaussian with

ElE(@)] =0,  E[(£(@)? = / o de dt.

Hence,



We learn that
(E[E(B, o) PI)Y2 = 6722 |,

hence
(E[Iﬁ(ﬁfx,s))lzq])”(zq cgd D2 | 2.

One can show that if £ is any random Schwartz distribution with (E[(£ (gb"(sz 5)))24])1/ (20) <

4, then & € C—o1/(9) a5 in Kolmogorov’s theorem. Accepting this for now, we learn
that |zi € C~(4+2)/2-¢(R4H1) for any ¢ > 0. Here, we are using parabolic scaling. As
a result, we can use our Schauder estimate to assert that if K is the heat kernel, then
K % & € C%/2+1—e —. ¢~d/2+1(R4+1)  For example, when d = 1, then K % & € CY/2~, which
really means C'/2~ in space and C'/*~ in time.

24.3 Strategy for solving the KPZ equation

We wish to solve the KPZ equation

hi = Ah+ |ha|> + €+ C
h(z,0) = h° (),

where we should really solve this as we vary the constant C. If we choose a smooth function

for &, then we can solve this equation classically. Let us write S.(C, &, h?) for the classical

solution. Here is the picture of what this will look like when with lift it:

!R)(\_X{
e 2 3

,;( G
A o

Here is our strategy: We build a regularity structure that would allow us to solve the
KPZ equation in abstract space, once we have a recipe for the meaning of h2 so that this
abstract solution is indeed a continuous operator. However, we still need to build our
regularity structure. For this, let us now focus on our operator F' — F *x K, where K is
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the heat kernel. We claim that if our regularity structure (A,G,T) is “rich enough,” then
we can build an operator K : C}; — C7W+2 such that

R(Kf) =K *Rf.

Here, C}, = {f : R - Docry To : Tyaf(x) = f(Y)| S |z — ylpar }, and we have the
reconstruction theorem:

Theorem 24.1 (Reconstruction theorem).

(Rf — o f(2))(F)] < 67

As a warm-up, first let us assume that the kernel K is smooth (no singularity at 0), and
assume that our regularity structure has a sector consisting of polynomials: a subspace T
of T such that T, = (X* : |[k| = n). Then, since K * F is smooth for any distribution F,

(Kf)(a) = 37 (0K « RA)XE.
By

Next time, we will cover the general case.
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25 Multiplication of Abstract Candidates

25.1 Motivation: Necessity of multiplication in the solution for KPZ

We have formulated a general strategy for treating (subcritical) ill-posed PDEs. Our
strategy is to isolate the bad parts, interpret them in an abstract setting, come up with an
abstract solution, and use reconstruction theory to give an actual solution. We now would
like to describe this strategy in detail for the KPZ equation

ht =hge +h2+&—-C
h(z,0) = ho(x)7

where h : R x [0,7] — R and ¢ is white noise. We would like to construct a solution as a
fixed point of a suitable operator

h=Px(h2+&—C)+Pxh,

where P is the heat kernel, and by P * h, we mean h integrated against P. Last time,
we discussed Schauder-type estimates that give regularity for the expression f — P x f
in the sense that if f € Cp,,, then P x f € Cg‘;f. We argued last time that there would
be a multi-layer type Schauder estimate that is applicable for general regularity structure
under some natural conditions. We would be able to come up with an operator P such
that if f € C}, (f : RY — @, <~ Ta), then our reconstruction theorem would turn f into

R f, which is a distribution that is well approximated by IL, f(z) near x. Moreover,
R(Pf) = P*Rf,

and, as we will see later, we can rewrite P = . + j\, where .# would be a polynomial like
dealing with the Taylor approximation of the smooth part of P «x Rf. So, in some sense,
only the Z part of P would capture the true nature of the singularity of the kernel P.

To solve this heat kernel equation, we first formulate an abstract variant that can be
solved as a fixed point of some nice continuous operator. In other words, the solution we
are looking for can be expressed as h = RH, where H solves an equation of the form

H=P((0H)*+Z) + (P xh")1
= J((OH)? +E) + J((0H)2 + E) + (P » hO)1.
Here, = represents ¢ in the abstract setting,'’ 0 represents the spatial derivative (should
satisfy I, (07) = 8%(1_[@7')), and (0H)? is a candidate for (OH)(0H).
What do we mean by multiplying two members of our Banach space 17 Basically, our

regularity structure must be rich enough so that such multiplication can be carried out.
Here is our general definition for any multiplication type operation.

0Professor Rezakhanlou is using © in the lectures instead of Z because he doesn’t like letters with 3
connected components. On a keyboard, I have no such objection.

87



Definition 25.1. Given a regularity structure (A,7T,G) and two sectors V and V (i.e.
V = @,ca Va, with V,, a subspace of T, and with each V, invariant under G), we say
*:V xV — T sending (7,7) — 7+ T is a multiplication if the following conditions are
true:

1. * is bilinear.
2. freVyand 7 € Vi, then 77 € Ty y o
3. If I' € G, then I'(1 x7) = (I'r) % (I'T).
Example 25.1. Take 7 = X* and 7 = X*. Then 77 = Xkt
Recall that f € C], means that ||f(z) — [y f(y)|lg < |2 — y[? 7.

Proposition 25.1. Let f; € C}; with fi : R? — R and fi(z) € D, <a<y Lo, and Let
fo € Cy with fo : R = R and fa(x) € Bpyener, Ta- Define (fix fo)(x) = fi(x) % fal).
Then f1 fo € Ci; with (1 + a2) min(ys + o).

Proof.

Ty (f1 % f2)(y) = (fr > f2)(@)llp = [[(Tay f1 () x Tayfa(y) — f1(z) x f2(2)lls
= [Tayfi(y) = fi(@)) * Ty foly) — fa(z))
+ (Layfi(y) — f1(z)) * fa(z)
+ [1(@) x Loy fo(y) — f2(@))]]
< Z (| — y|71—61|$ _ y|72—,82
B1+B2=p8
+ =y o -y
— Z |z — y[n+2=B g — it
B1+B2=p3
+ |x — y”Y2+/51*5
< o — y|lnta)Abete)]=6, O

25.2 Basis for a multiplicatively closed regularity structure

We now use our fixed point equation to guess what regularity structure we need. As is
done in mathematical physics, we will use graphical notation.!! We use o for = and  for
the operator .#, so that .#(Z) is i°. Because of this, we would also have a component which
is like .7 ((9°)?). This involves §.# =: .#'. Graphically, we use | for .#’ so that N° = |°.

17T hate this.
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Here is a table of some of the terms:

degree expression model
0 1 constants
—% —€ =,0 £
i-¢ F(2),° Px¢
—3—¢| JELP (P #&)a
—1—2¢ | (F(E)? °ve| (Px¢)?
1-2¢ | Z((HF(2))?), | Px(Px¢)2
1 X1 T—a

Here is a basis of 14 members of T' (ignoring polynomials of higher order), ordered according
12

to their degrees:

12There’s no way I'm trying to recreate all of these in LaTeX.
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26 Fixed Point Operators for Solving Abstract Regularity
Structure PDEs

26.1 Fixed point operators for solving our ill-posed PDEs

We are interested in ill-posed problems like:
hy = Ah + |h)> + € - C,
where £ is white noise. This is subcritical iff d < 1. If we have
w = Au—ud + €+ C1 + Chu,

this model is subcritical if d < 3. Here, we can vary the constants, so we are dealing with
a family F of differential equations.
The general strategy for subcritical models is summarized in the following diagram:

We need to find a group action G on our model so that if £&& = £ % p°, then
lim S, M:(L£(§°))
e—0
exists, where M. is a suitable family of members of G. This G would lead to a suitable C? on
F. In our stochastic setting, since our distributions are all Gaussian, Wick’s trick would

allow us to discover what G is. Let us now focus on constructing S, as we did last time.
As we discussed before, we consider the weak formulation

he = p* (|ha|” + &) + B,

where p is the heat kernel and h solves the heat equation:



For the other problem, we have

u=px(—u’+&) +u

{ut — AT
u(x,0) = u’(x).

Last time, we argued that f — px f can be lifted to a suitable operator K that can be
decomposed as K = & 4+ K, where K is polynomial like annd .7 is somewhat local. Ideally,
we could like to have this: An operator £ : T — T or K : C* — C**2 so that

with

IL(K7r) =pxIl,7 (f € C*I(Kf)(x) =p*1l,f(z))
I'Kr =KI'r.

Such K would not exist. Here is the problem: if 7 € T, then |[(II,7)(¢3)| < 6% So
K7 € Tpio, and we must have an estimate of the form |(TI(K7))(¢2)] < 6972, The
problem is that in general, there is no reason for p * IL,7 to vanish like 22 near the point
x. This can be resolved if we subtract a suitable Taylor expansion. Motivated by this, we
may define .# by the following recipe. If 7 € T,

k * T
L)) =pellr(y) — 3 TP e
k:|k|<a+2 '

Because of this, we do not expect to have I'.#7 = #T'7, but we do have that (I'.# — #T)(7)
is in a sector of polynomials. (This should be compared with the differentiation operator:
If “0” is the lift of 8%1’ then we do expect II,(07) = B%I(Hgﬁ) and OI' =T0.)

26.2 Using graphical notation with regularity structures to solve ab-
stract PDEs

In the abstract version,

H = .7((0H)? + E) 4 Polynomial part from K + hl
U = .7 (= — U3) + Polynomial part + w1,
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3

where = represents white noise, we use the following graphical notation.!

1Pve decided to stop trying to type out any graphical notation. From here on out, it will all be pictures.
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It can be shown that if H satisfies the abstract equation, then e; = es = 0.

Here, we have noted that by comparing coefficients, we can see that ¢y = co = 1, c3 = 2,
and ¢4 = h. From all this, we learn that

We can play a similar game with the abstract equation for /. To have simpler notation,
we write | for .# (instead of ?). We get

0. 3 shsk oy e NI

We still need to find the group G. This is a suitable set of transformations I' : T — T'.
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This group of 16 x 16 matrices is 7-dimensional.
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27 Algebraic Structure in Our Regularity Structure

27.1 Products structures in rough path theory

What kind of algebra leads to our group G and the form I';,? We first discuss Hopf
algebras.'* In fact, Connes and Kreimer have observed that a suitable Hopf algebra on
the polynomials of “decorated trees” can be used to explain renormalization phenomena
in quantum field theory and Feynman diagrams.

To motivate the role of such algebras let us go back to our rough path theory first.
Indeed, if we have a path x = (x',...,2) : [0,T] — R’, then we need a candidate for

(x(8,1),€iy.0,.) // / da' (zy) - -~ dx'(s,) =: @iy, i,

What we have in mind is that we choose a lift for the path x that is tensor-valued, and
this condition yields the e;,...;, component of such a tensor. More precisely, if the space of
tensors T(RY) =R @ - @ (RS @ -+ -, then

E Qg ,yie Cit,ennigs
ilv"vir

where ¢e;, ;. = €; ® e, @--- X e;, and the e - egs form a basis for Rf. As we have seen
before, if x € C* with % <a< n£17 then we can truncate our tensor at level n — 1. Note
that if x € C%, then the type of regularity we have is

[(x(s,t), €iy-ip)| S s — [

Recall that Chen’s relation becomes x(s,u) ® x(u,t) = x(s,t), which allows us to only
consider x(0,t) because x(s, t) =x(0,5)"!' @ x(0,1).
Recall that When <a< 2, for a metric path, we have
X(s,t) + X*(s,t) = x(s,t) @ x(s,1),
or
(x(s,1), €15 + €j3) = (x(s,1), €x)(x(s, 1), €).
However, for low «, the geometric condition becomes

<X(37 t)? ei17---7ir><x(s7 t)v ejl"'je> = <X<3a t)v €iy,...iy LLIEG, ... ,je>7

where a LLIb means the shuffle product of ¢ and b:

Cirein LCj1jy = D Chykygs

where k1, - -+ , ky1p is obtained from iy, ..., %y, j1, .. ., je by interleaving them without chang-

ing the original order. So there are exactly (kk%)! many terms.

MHistorically, Hopf was studying homology and cohomology on Lie groups, where the additional multi-
plication of the Lie group gave extra algebraic structure to the homology.
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Example 27.1.
e lLlle; =e;;+¢€j;

Example 27.2.
eiLlejr = €ijk + €jik + €k

In summary, for a geometric path, we have two products on T(RZ):

x(s,u) @ x(u,t) = x(s,1)

(x(s,1),a)(x(s,1),b) = (x(s,1),a LLIb).
How about for a nongeometric path? This has been worked out by Gubinelli and involves
Connes-Kreimer’s Hopf algebra (the theory of branched paths). In this case, the right
space is not the tensor algebra, rather the algebra of polynomials of decorated binary trees

with decorations/labels selected from {1,...,¢}. Write H for this space. Now x(s,t) takes
values in H.

Example 27.3.

P — i

c:« (’f\o\mvl-e
(
g clx‘(_st)

&

ik b
/\7«,%)_,"‘\{’7-& ( @mq)ﬁ
| 9

5

L

K :; A ! XT»U\,,\

S

g %'\‘\X(»‘]ixrs'
$€

g >

What happens to Chen’s relation? There is an other product, the convolution product
* that would allow us to represent Chen’s relation as

x(s,u) *x(u,t) = x(s,t).

Before we define this, let us discuss the notion of Hopf algebras first.

27.2 Hopf algebras

Let H be an algebra with unit 1 and product -. Also suppose we have an algebra on H*.
Let us write (-,-) : H* x H — R for the pairing between H and H*. We write f x g for
the product on ‘H* and 1* for its unit. We use pairing to turn % into a “coproduct” on H.
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Also, inversion in H* can be translated into a suitable notion on H. When this is done
successfully, we have a Hopf algebra.
Here is the idea: if f,g € H* and h € H, then

(frg.h) = (f®g,C(h))
—— ~——— ——
pairing of H*, H pairing of H* @ H*, H Q@ H

If we find such a C, then we have a bialgebra. Here, C' is our coproduct C' : H — H ® H.

We now try the idea of the inverse: If f € H* is invertible, then f* f~! = 1*. We wish
to find an operator S : H — H so that S* : H* — H* is exactly S*(f) = f~!. If such an
operator exists, then we should have

(1*,h) = (f xS*f, h)
f@8f,C(h))
((d&s")(f @ f),C(h)

f @ f,(id@S)C(h)).

o~ o~~~

Assume (f,1) = 1. Then if we require (id ®S)C(h) = (1%, h)1, then we have our S. And
if such a C and S exist, we have a Hopf algebra.

Definition 27.1. A Hopf algebra is an algebra H with a coproduct C : H — H® H and
an operator S : H — H such that

(id®S)C(h) = (1%, h)1.
Example 27.4. Let H be the algebra generated from (0; = (%i ci=1,...,d) with the
product given by the composition: D = 0;, . ;. = 0 ---0;,. H* is the space of smooth
functions with pointwise multiplication. The pairing is (f, D) = (Df)(0).
We claim that this is a Hopf algebra. One can show by integration by parts that
C(0;) =id®0o; + 0; ®id,

C(8;0;) =1d®0; j +0; ® 0; + 0, ® §; + 0;; ®id.
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28 Hopf Algebras for Constructing Regularity Structures

28.1 Building up to Hopf algebras

Here is the algebraic part of the story: We learn how to build an important group of
transformations {I'y : g € Go} = G for a Hopf algebra. It is this group that yields our
group G in our regularity structure. Here are the first few steps:

Definition 28.1.

1. Algebra: Given a field k and a k-vector space A, by a product, we mean a linear
map m : A® A — A that is associative. We also have a unit 1 € A, which we also
write as 1 : k — A by 1(\) = AL.

2. Coalgebra: With A as above, we now have a coproduct, a linear A: A - A® A
(we can think of this as Aa = ) . a' ® @' with a",a" € A). This is coassociative,
which means

(ldRA)c A=(A®id)ocA: A—- AR A® A.
We also have a counit 1’ : A — k such that

Aa—Za ®at :Zl’ Zl//% ad=a
(In fact, A being a coproduct is equivalent to A* : A* ® A* — A* is a product.)

3. Bialgebra: This is (4;m,1;A,1’) with (A;m, 1) an algebra, (4, A,1’) a coalgebra,
and compatibility between these two structures: First, define a product ms : AQ A®
A® A — AR A by extending the following bilinear map:

ma(a®b,a’ @) =m(a,a’) @ m(b,b).

The compatibility is that A : (A,m) — (A ® A, m2) is a morphism with respect to
the algebra structures:

A(m(a, b)) = ma(A(a), A(b)).
We may also write this as A(a - b) = (Aa) -2 (AD).

4. Convolution product: If (A;m,1) is an algebra, (C;A,1’) is a coalgebra, let
L (C, A) be the set of linear maps C' — A (for example £(C, k) = C*). Then we can
turn L (C, A) into an algebra by

(fxg)(c) = (mo(f®g)oA)(c)
Indeed,
AC—ZC ®c = (fxg)(c Zf

A
where a -, b = m(a,b). Here is our unit element: 1A 01y : C'— A. This is nothing
other than (14 01%)(c) = 1¢(c)14.
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Remark 28.1. If A =k, then £L(C,k) = C*, and f*xg = f*a g = A*(f,g). In particular,
Ac—Zc@c = (f*g)(c Zf

Example 28.1. Let (G, -, 1) be a group, and let k be a field. Then A = kG = span{g :
g € G} have multiplication m(g1,92) = g1 - g2, unit 1 = 1, coproduct A(g) = g ® g, and
counit 1'(3°, Nigi) = >_; Ai. Then (kG;m, 1;A,1’) is a bialgebra.

Definition 28.2.

5. Hopf algebra: By a Hopf algebra, we mean a bialgebra (H;m,1;A,1’) for which
we can find a linear S : H — H such that if x is the convolution product for £y (H, H),
then

(S %idyr) (h) = (i +S)(h) = (W)L,

where idy7, S : H — H. Equivalently,
Ah=>"H@h = Y h -y Sh') =3 S(h')mh' =1'(h)1.

Example 28.2. Continuing our previous example, our kG is a Hopf algebra with S(g) =
g lforged.

28.2 Constructing a group of transformations from a Hopf algebra

Here is the next step:

6. Let (H;m,1;A,1’;S) be a Hopf algebra, and assume that we have a pairing of H*
and H (not necessarily the dual space pairing). Then (H*;Ax, (1')*;m*,1*;5%) is
again a Hopf algebra. Given g € H*, set Ay : H* — H* by Ay(f) = f-a~g. We write
Iy H— H for Ay:

(A" (£.9),h) = (F © g, Ah) = (Ag (), h) = (£ Ty(h)) = F(Ty(h)):
Then
An=3 neht = 3 f)g() = f (Z g(ﬁ"w) ,

SO

Ah = "h@h = Ty(h)=> g )hi = (id®g)(h' @ h')

i

= (id ®g) (Zh’@lﬂ) (id ®g) Ah.
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Thus, we have shown that
I'y = (id®g) o A.

In summary, we have a map I' : H* — L(H).
Remark 28.2. The map g — I'y does not act nicely with respect to the product structure

on H*.

7. Define Gy = {g € H* : g(h1 'm h2) = g(h1)g(h2). We claim that Gj is a group and
Lgipngs =gy 0Ty, for gi,92 € Go (so G = {T'yLg € Go} is a group). In the interest
of time, we will not show this now.

Definition 28.3.

8. We say that our bialgebra H is graded if H = ®,>0H, with m : H,, @ Hyy = Hugm
and A : H,, = ®iyj—nH; @ H; and connected if Hy = span{1}.

Theorem 28.1. For a graded and connected bialgebra, an antipode S exists is unique, and
S:Hy, — Hyp. In fact,

S=> (1ol —id)mk.

k>0
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29 The Final Ingredients in Our Regularity Structure

29.1 Constructing the group of transformations from a Hopf algebra

Consider a Hopf algebra (H;-,1;A,1’;S) with dual (H*; A*, (1")*;-*,1*; S*). Recall that
we also have an algebra (£(H),*,101’), and recall that S = (idy)~! where the inverse is
with respect to . Finally, we defined a map I' : H* — L(H). (The example we should
keep in mind is H = T for the KPZ equation or for another PDE and G is a group of
I': H— H.) We defined A : H* — L(H*) given by Ay¢(f) = f -a+ g, which allowed us to
define I'y = AJ.

Observe that Ay, .4, = Ag, 0 Ag;. From this, we can readily deduce that I'y,. .4, =
Iy, oT'y,. In other words, we have I' : (H*,-a«) — (L(H),0) as a homomorphism with
respect to these algebra structures. For our purposes, we need a group. Namely, define the
group of characters

Go={9€ H":g: H— R linear, g(hy - ha) = g(h1)g(hs),g(1) = 1}.

We can see!® that if g1,g0 € G, then g1 -a+ g2 € Go. It turns out that if ¢ € Gy and
g=goSeGythen g-axg=g-a-g=(1")".

Recall that a graded bialgebra has H = @, H, with - : H,, @ Hyy = Hpgm and
A:H, =D M; @ H;, and recall that a connected bialgebra has Ho = {A\1: A € k}.

Theorem 29.1. Any connected, graded bialgebra has a unique antipode S.

i+j=n

Proof. Here is the idea: Let ug = 1 01’ denote the unit for (L(H),*). We want to say
something like

(id) ™" = (uo — (up —id))™"
= Z(UO — id)*k.
k>0

This is algebra; we can’t have an infinite sum! All we need to verify is that the if h € H,,
then (3 j>q(uo — id)**)(h) = S"}_o(up — id)** for some n. This is where the graded
condition comes in. O

Example 29.1. Let H = T(RY) = @,,oq Hn, with H, = span{e;, .., : i1,...,in €
{1,...,£}}. The product on H is the shuffle product, e; LLle;. The coproduct is A(v; ®
e ®@vp) = D0 ® - @) ® (Vg1 ® - ® vp) with vg = 1. We are interested in
x:[0,7)*> — H* with

15Professor Rezakhanlou uses the phrase “It is not hard to see.” He has gotten comments from referees
on his papers saying that he should prove more things. I like to avoid that phrase because sometimes it is
hard to see.
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As we discussed before, we require two properties:

1. x is a character:
x(a LLb) = (x,a LLb) = x(a)x(b) = (x, a)(x, b).
2. Chen’s relation:
x(s,u) A x(u, t) = x(s,1), so x(s,t) = (x(s))"" A x(t).

Now we want to use the same idea for the KPZ equation, but it doesn’t work exactly
the same way. We need a small variation of what we have done so far so we can deal with
functions and distributions separately. Namely, we have two spaces (T',-) (algebra) and
(T*,-,AT), where AT is a suitable coproduct. Moreover, we need AT : T — T @ T™.

Recall that I'y = (id ®g) o A. Now given g € (T'7)*, we define I'y(h) = (id ®g) o At (h)
(soT'y: T — T). Again, we may define

Gt ={ge (T : g(h1-h2) = g(h1)g(h2),9(1) = 1},
which is a group. As before, we have

Lginvgs =g oLy,

Given the pair (T,77") with AT, we are ready to build our regularity structure (not
just for KPZ but for all the examples that have been worked out in this context). We use
the following scheme:

First, build a linear IT : T — D', and imagine we have a map F : R — G = {Ty :
G € G}, so F(x) = T'y(;). Then we set I, = Il o F'. Then the requirement that
I,y = O, or ILF,; 'T'y, = ILF, ! leads to [y = F, ' o F,. In fact, our T is the
algebra generated by 1, X1, X2,0,.% (1), #(7),.... T7 is the algebra freely generated by
1, X1, X, ((0p7)(7) : 2 —degT — |£] > 0). Set

[1]

At =101, AfX)=10X;+X,®1, AT (E) =21,

AT( T ) =ANT) AT,
g —_——
product in T product in 7%

l
AT I (1) = (F @id)ATT + Z % ® 0p I (T).
Llt|<degT+2
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29.2 Renormalization and the Wick product

We carry our all these operations to build a suitable operator H : R, x [0,7) — R which
depends on the model we have for £. Now replace £ with the smoothized version |xi * x*
and denote the correspoding solution by H®. However, H* does not converge as € — 0.
For example, replace = by £° and consider 0.#(£°); this does not converge as ¢ — 0. The
issue is (K, * £°)? — oo, where K is the heat kernel.

However, a miracle happens. If we look at (K, — £°)? — E[(K, * £%)?], this has a limit
as € — 0. We have

/f(zh 22)€(21)€(22) d21 d2a,
which causes a problem, and we replace it by
/ f(zla 22)6(21) <& 5(2’2) dz1 dzo,

where ¢ is the Wick product:

§(21) 0 &(22) = &(21)€(22) — do(21 — 22).

It turns out that all that we need to do is subtract a constant. These constants lie in a 4
or 6 dimensional group, but in the original problem, we only see 1 dimension of this.

103



	A Motivating Example for Studying Stochastic PDEs
	Fluids: an example of what a stochastic PDE looks like
	Regularity issues with white noise
	Ways of defining the stochastic integral with irregular functions

	Stochastic Integration With Irregular Functions
	Integration of rough deterministic functions
	Integration of functions of Brownian motion
	The stochastic heat equation

	Important Stochastic PDEs
	The stochastic heat equation
	The SHE with multiplicative noise
	The Kardar-Parisi-Zhang equation

	Final Overview of Stochastic PDEs
	The KPZ equation
	Stochastic quantization
	The Gaussian Free Field

	Integration With Respect to Rough Functions
	Lyons' approach and Chen's relation
	Convergence of the integral

	Considerations for Integration Theories
	Definition of Lyons' integral
	Remarks on integration theories

	Gubinelli's Sewing Lemma and Tensor Algebra for Increments
	Gubinelli's sewing lemma
	Tensor algebra structure for increments

	Solving ODEs Via Rough Integration
	Solving for the Itô-Lyons map
	Breakdown of the map F

	
	

	Kolmogorov's Continuity Theorem for Rough Paths and Candidates for the Lift of Brownian Motion
	Kolmogorov's continuity theorem for rough paths
	Candidates for the lift of Brownian motion

	Gaussian Inequalities and Markov Techniques for Lifts of Brownian Motion
	Gaussian-type inequalities
	Brownian motion as a Markov process

	Exponential Martingale Bounds and Geometricity of the Stratonovich Integral
	Exponential martingale methods for bounding Brownian motion increments
	Geometricity of the Stratonovich lift

	Making the Jump From Stochastic ODEs to PDEs
	Main results thus far for solving stochastic ODEs
	Preliminaries for Stochastic PDEs

	Coherence and Hairer's Reconstruction Theorem
	Examples of coherence
	Martin Hairer's reconstruction theorem

	Bounds for Germs
	Condition for coherence of germs
	Uniform bounds on germs
	Preparation for proving the reconstruction theorem

	Proof of Hairer's Reconstruction Theorem
	Motivation for multiresolution analysis
	Multiresolution analysis
	Strategy of Hairer's proof of the reconstruction theorem
	Proof of the reconstruction theorem without wavelet expansions

	Proof of Hairer's Reconstruction Theorem Without Using Wavelets
	Scaling and translation of convolutions
	Construction of T as a limit

	Proving the Bounds in Hairer's Reconstruction Theorem
	Recap: Constructing a candidate in Hairer's reconstruction theorem
	Proof of the bounds in the reconstruction theorem

	Finishing Hairer's Reconstruction Theorem and Introduction to Regularity Structures
	Finishing the proof of Hairer's reconstruction theorem
	Remarks about the reconstruction theorem
	Introduction to regularity structures

	Regularity Structures
	Regularity structures and their relation to coherence
	An example: Taylor series

	Two Examples of Regularity Structures
	Finite Taylor Polynomials
	The Gubinelli derivative

	Applying Regularity Structures to Rough Path Theory and Singular PDEs
	Recovering a previous theorem as an application of the reconstruction theorem
	Applying regularity structure theory to understand a singular PDE

	Norms and Schauder Estimates for Hölder-Zygmund Spaces
	Equivalence of definitions of Hölder-Zygmund spaces
	Schauder estimates for Hölder-Zygmund spaces

	Setup for Solving the KPZ Equation
	Kernel of the KPZ equation
	Regularity considerations for white noise
	Strategy for solving the KPZ equation

	Multiplication of Abstract Candidates
	Motivation: Necessity of multiplication in the solution for KPZ
	Basis for a multiplicatively closed regularity structure

	Fixed Point Operators for Solving Abstract Regularity Structure PDEs
	Fixed point operators for solving our ill-posed PDEs
	Using graphical notation with regularity structures to solve abstract PDEs

	Algebraic Structure in Our Regularity Structure
	Products structures in rough path theory
	Hopf algebras

	Hopf Algebras for Constructing Regularity Structures
	Building up to Hopf algebras
	Constructing a group of transformations from a Hopf algebra

	The Final Ingredients in Our Regularity Structure
	Constructing the group of transformations from a Hopf algebra
	Renormalization and the Wick product


